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Chapter 1

In tro duction

The goal of much of computational 
uid dynamics is the numerical approx-
imation of 
uid 
o w governed by the Navier-Stokes equations. For incom-
pressible
o w, the �v e equationsare

r � u = 0 (1.1)
@u
@t

+ u � r u = g �
1
�

r p + � r 2u (1.2)

�
@e
@t

= " v + kr 2T + qH : (1.3)

Obviously, solving such equations requires one to calculate and track the
three components of velocity u , and the scalarvaluesfor pressurep, density
� , and sometimestemperature T of a 
uid over the entiret y of the �eld for
the duration of the simulation. The kinematic viscosity � and coe�cien t of
thermal conductivity k are assumedto be constant. Lastly, qH represents
heat sourcesother than conduction, and " v is the heat created by viscous
di�usion.

1.1 Adv antage of vorticit y variables

In the above formulation, the pressureterm must be solved by a separate
elliptic equation, and the convection term often imposessevere time step
limits in order to maintain stabilit y. An alternative approach is to consider
the problem in vorticit y variables. The vorticit y ! is de�ned as

! = r � u : (1.4)
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Becauserewriting equation (1.2) to usevorticit y variablesdoesnot remove
its dependenceon velocity, we will needto discussthe matter of recovering
velocity information from the vorticit y �eld. There are a number of con-
ditions which are su�cien t to allow the inversion to uniquely determine the
velocity. If thesearesatis�ed, the velocity �eld canbereconstructeduniquely
by adding an integration over the vorticit y support to an irrotational vector
�eld.

u (x ; t) =
1

4�

Z
! (x 0; t) � (x � x 0)

jx � x 0j3
dx 0+ r � (1.5)

The �rst term in the above equation is the Biot-Savart law, which describes
the velocity �eld inducedby the vorticit y. The secondcomponent is a correc-
tion to the velocity causedby boundary surfacesin the 
o w. Section2 will
cover, in detail, the variousmethodsusedto recover the velocity �eld. Details
of the Lagrangian discretization technique appear in section 2.1. Methods
for fast evaluation of the Biot-Savart component shall be discussedin section
2.2. Computation of the r � term typically requires the use of boundary
integral methods, which are covered in section2.3.2.

Taking the curl of the momentum equation (1.2) producesHelmholtz's
vorticit y equation

@!
@t

+ u � r ! = ! � r u +
1
� 2

r � � r p + r � F + � r 2! ; (1.6)

whereF represents a conservative force. This formula governs the evolution
of vorticit y in an incompressible
uid 
o w, and will be oneof the key equa-
tions in Lagrangian vortex methods. Section 3 of this paper will cover the
vorticit y equation in detail.

The �rst term on the right-hand side represents the changein vorticit y
due to vortex stretching. This term is discussedin section 3.1. The term
containing � and p is zeroin any barotropic 
uid, but is important in multi-

uid simulations, and will be more thoroughly examinedin section3.5. The
conservative force term r � F can be used to account for gravit y and for
two-way coupling in particle-laden 
o ws. Its usewill be brie
y examinedin
section 3.7. Lastly, the �nal term represents viscousdi�usion of vorticit y,
which will be discussedin section 3.2. Other terms that can appear in this
equation represent the e�ects of surfacetension(section 3.6), frame rotation
(section 3.8), combustion (section 3.9.6), and compressibility (section 3.10).

A summary of these,and other, advantagesof the vorticit y-velocity for-
mulation is due to Speziale[1]. Other monographson vorticit y range from
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Poincar�e's aging [2] to Sa�man's technical [3] to Lugt's informational [4] to
Schwenk's philosophical[5]. Applications of vortex theory occur throughout

uid dynamics, and the theories have even extendedto a theory of matter
[6].

1.2 Adv antage of Lagrangian metho ds

Two major forms of computational methods for 
uid dynamics exist, each
named after the form of the convection equations that they use: Eulerian
and Lagrangian. (mathematical description)

Early work in incompressibleEulerian methods emphasizedthe velocity-
streamfunction or vorticit y-streamfunction equations,and there remain sev-
eral advantagesof that approach. Harlow and Welch [7] �nd that free-surface

o ws can be more easily described by velocity-pressurevariables.

Low-resolution Eulerian methods, despitetheir inherent numerical di�u-
sion in the convection operator, can still maintain tightly- wound vortexes
with the useof \v orticit y con�nement" [8], an extra term in the Euler equa-
tions.

1.2.1 Fron t-trac king vs. fron t-capturing

In addition to describing the convective formulation, \Eulerian" and \La-
grangian" can describe the method by which a 
uid interface is described.
\F ront-capturing" methods useonly grid information to determine the con-
�guration of a 
uid or 
uid interface. In this camparemethodssuch asLevel
Sets,(what else?)

\F ront-tracking" methods (seesection 3.9.1) use connectedLagrangian
markers to explicitly track a 
uid interface throughout its motion.

Harlow and Welch's marker-and-cell [7] is probably the �rst use of a
combination of the two methods. In their method, Lagrangian particles
determinewhich cellsin a free-surfacecalculation contain 
uid and which do
not.

1.3 Adv antages of vortex metho ds

Becausemany 
uid dynamic phenomenaof practical interest are essentially
incompressible,constant-temperature,single-phaseturbulent 
o ws, their gov-
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erning equationsof motion are subject several simpli�cations, not the least
of which is that the Navier-Stokesequationscan be rewritten in terms of the
vorticit y. As mentioned above, taking the curl of the Navier-Stokesequation
(1.2) givesthe vorticit y transport equation, simpli�ed hereas

@!
@t

+ u � r ! = ! � r u + � r 2! (1.7)

Two of the bene�ts of this formulation are the absenceof the pressure
term and the automatic satisfaction of the continuity equation. The equa-
tions arenow only dependent on vorticit y andvelocity. This greatly simpli�es
somenumerical methods designedto solve the Navier-Stokesequations.

A vortex method, then, is characterizedby both the useof the Navier-
Stokes (or Euler) equationsin vorticit y-velocity form, and by a Lagrangian
discretization of the vorticit y.

In 
o wswith minimal viscousdi�usion, anotheradvantageof the vorticit y
formulations manifests. In these 
o ws, the volume of 
uid with signi�cant
vorticit y magnitudeis typically a small fraction of the total 
o w volume. This
meansthat the 
o w can be represented in a more compact form by vorticit y
than is possiblewith velocity. This fact lends support to computational
methods in vorticit y variables.

Cottet [9] states that the Lagrangian form avoids the explicit discretiza-
tion of the convective term in the Navier-Stokesequations,and its associated
stabilit y constraints.

Cottet [10] usesa stabilit y criterion for his simulations of homogeneous
turbulence that is equal to � t = k! k� 1. Normal �nite-di�erence methods
are usually limited to a advective CFL number of 1:0. Look in that, and
other summary referencesfor good arguments for choosing a Lagrangian
approach insteadof �nite-di�erence or spectral methods for solvingunsteady
convection-di�usion problemsin 3-space.Explicit treatment of di�usion also
requires enforcement of a di�usion CFL condition, but at high Reynolds
numbers, this is lessrestrictive than the advection CFL [11].

A problemassociated with vortex methods is the di�cult y in which phys-
ical degreesof freedomin the interior of 
uids aredealt with. Onecanargue,
though, that in many 
o ws of engineeringinterest, the propertiesof the 
o w
are constant in large regionsand only rapidly changingin small, compactre-
gions. Theselarge regions,thus, do not have the degreesof freedombrought
on by local changesin 
uid properties.
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Comparisonswith Eulerian �nite-di�erence schemeshasshown that vor-
tex methods can be faster by up to an order of magnitude, even when the
volume is completely �lled with vorticit y [11]; most of the bene�t being due
to longer time steps allowed by the increasedstabilit y of the Lagrangian
vortex method.

MOVE THIS A method for particle-grid decomposition is presented in
[11]. This merges�nite-di�erence Eulerian andstandardVIC vortex methods
into the samesolution scheme.

An good introduction to vortex methods is given by Leonard [12]. Chen
[13] presents a summary of the bene�ts of vortex methods.

1.4 Other Lagrangian metho ds

Many Eulerian (grid-based)calculation methods take advantageof the bene-
�cial propertiesof Lagrangiandiscretizationsfor portions of their work. The
Front-Tracking Method usesa Lagrangian meshto track a surfaceof inter-
est within the context of an Eulerian solution. Methods called \smoothed
particle hydrodynamics" (SPH) can be usedto study a variety of 
o w and

o w/solid systems. They have been adapted for incompressible
uid dy-
namicsand freesurfaces[14]. Moving particle semi-implicit (MPS) methods
uselocally-interacting particles to computeall mannersof 
o ws: multiphase,
solid-liquid interaction, free surface,etc.
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Chapter 2

Velocit y Field Calculation

Mention importanceof velocity to advect marker points and time discretiza-
tion.

2.1 Discretization of vorticit y

Vorticit y can be discretized in a number of ways. The �rst four sections
describethe most frequently-useddiscretizations. Keepin mind that particles
and segments in 2D and axisymmetric simulations correspond, respectively,
to �laments and sheetsin fully 3D models.

Also keep in mind (maybe create a section for this?) is that remeshing
of all discretizationscan be donein a local sense(point insertion, others) or
a global sense(radial basisfunctions, global cubic splines,Cottet's particle
weight scheme,even Grant's Delaunay triangulations!).

2.1.1 Vortex particle metho ds

Rosenhead[15] wrote an expressionfor a desingularizedvortex particle in
1930in his study of the stabilit y of a double row of vorticies. This was in-
spired by Kelvin's papers. The �rst true dynamical vortex simulation was
doneby Rosenhead[16] in two dimensionswith singular point vorticies, later
repeated by several authors [17, 18], and repeated with regularizedvortex
coresby Chorin and Bernard [19] and Kuwahara and Takami [20]. A sum-
mary of the initial study of the vortex sheetis contained in Zalosh[21].

Note that desingularizing the Biot-Savart equation is not the sameas
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using�nite-cored vortex blobs, though both achieve the samee�ect|making
the vortex sheetwell-posed.Leonard[12] discussesvortex blob corefunctions
for 2D particle methods.

As listed in [22], Tung and Ting [23] and Sa�man [24] found that the
distribution of vorticit y acrossthe core of a viscousvortex ring with small
cross-sectionis Gaussian.

A numerical study of the 2D Kelvin-Helmholtz instabilit y [25] shows
that core overlap is desirable. An in-depth study of singular and desin-
gularized vortex particles, and an introduction to a new regularization for
vortex blobs|the \ � -equations"|app earsin Krasny [26] and Rottman and
Stansby[27].

Chorin's [28] presents 3D vortex blob calculations, though stretch was
computedusing a local segment approximation, making it essentially a vor-
tex �lament method. Leonard [12] concurrently proposed a 3D �lament
method. Bealeand Majda [29] �rst proposedusingsphericalparticles for 3D
computations,usingLagrangianupdate to computestretch, and forgoingall
element connectivity information. Until then, all 3D vortex methods used
�laments. The �rst 2D proofswereby Hald and Del Prete [30] and Hald [31].
Proof wasprovided for the existenceof a solution for short times, as long as
the overlap between the vortex blobs remained [29, 32]. Beale [33] gives a
convergenceproof of the disconnected,discretevortex method by requiring
that the vortex core radius be larger than the interparticle spacing. It took
several more yearsfor the �rst implementations of the disconnectedparticle
vortex method [34, 35] in three dimensionsto appear. Since then, it has
becomethe predominant form of modern computational vortex methods.

A comparisonof singular and desingularparticle methods, and their vor-
ticit y updating equations is given by Winckelmans and Leonard [36]. An
exampleof a modern approach is presented by Ploumhans[37], which uses
a redistributed vortex particle method with a Particle- Strength-Exchange
schemeand is solved with a parallel multip ole treecode.

Despite their 
exibilit y and grid-free nature, the easycomputability of
grid properties has led many researchers to usetemporary grids for aspects
of 
o w computation. Marshall and Grant [38] and Liu [39] use a grid to
computestretch. Others have usedgrids to computevorticit y di�usion [40].
A whole classof methods, VIC, are designedto compute the velocity on a
grid.

A primary advantage of vortex particle methods is that they do not rely
on structural properties of the tracked vorticit y elements, and thus neednot
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track changesin their topology.
In particle methods, the strength of each computational point can be

assignedin one of three ways: Hald [31] assignsthe value of the vorticit y
contained in the surrounding blob, Beale and Majda [32] assignthe value
of the vorticit y at the point times the volume of the blob, and schemesthat
assigna newvalueat every time step. Marshall and Grant [38] assigna value
resulting from a global matrix calculation that insures that a divergence-
free vorticit y �eld results from the particle discretization. Actually, several
schemescomputenew \quadrature" weights at each step. Another is Strain
[41]. The �rst implementation is credited to Beale[34].

Remeshing issues

The deterioration of the spatial accuracy of a vortex particle method is
brought about by the separationof the individual vortices during their mo-
tion, causinga non-\smooth" representation of the vorticit y �eld.

The primary methods to solve this problem are: recalculation of the
quadrature weights at each time step [34, 41, 38], regridding/rezoning [42]
(is this to newparticles?),and global regridding to regularly-spacedparticles
(Cottet).

Beale and Majda CITE?? suggestedand tested a rezoning technique
whereupon the smoothnessof the vorticit y �eld was tested at every time
step, and when it wasdeterminedto be too great, a temporary meshwas �t
over the �eld, and the vorticit y from all of the old particleswasplacedon the
mesh. From theseinteger meshpoints, new particles were created. The old
oneswere then removed. This is called remeshing,or particle redistribution.

Remeshingin its most common form means that at a given time, all
particles are removed, and new particles are createdat the center of cellson
a regulargrid. The particle strengthsaresetin order to recreateasaccurately
as possiblethe original vorticit y distribution. This is done more frequently
if the strain is high, often being doneat every time step. Remeshingis used
frequently in vortex particle methods [43].

An alternative versionof this method [44] remeshesto the center of cells
in an octree, instead of to a regular grid. The interpolation used [45] in-
volvesthe 3 closestnodesin each of 3 directions (three 1-D �lters convolved,
as such, createsa non-sphericalmethod), which exactly conservestotal vor-
ticit y, linear impulse, and angular impulse, and somewhatconservesenergy
and enstrophy [44]. Theseroutines typically have a minimum vorticit y mag-
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nitude for new particles to compensatefor the di�usiv e nature of the Eule-
rian remeshing.This cuto� can in
uence the 
o w considerably(Gharakhani,
private communication), though Cottet et al [46] claims that high-order fre-
quent regriddingcausesno discerniblenumericaldissipation(eventhough the
L2 velocity error shows 10� 3 error with a 4-th order kernel). The accuracy
claimsare somewhatrefuted by Barba, Leonard,and Allen [47], who provide
an error analysisof vortex blob methods.

Radial BasisFunctions (RBF) were originally designedto allow approx-
imation of a smooth �eld from a set of scattered data. RBFs are used by
Barba, Leonard, and Allen [47] to remeshthe vortex blobs in 2D simula-
tions, where they show substantially lower errors for long-time calculations
than even infrequent M4' remeshing.Unfortunately, to implement RBFs re-
quires the solution of a system of N equations,where N is the number of
particles in the system. It is possible,though, to use fast methods to solve
this problem in O(N logN ) time. Another advantage is that RBFs allow
consistent treatment of spatially-varying coresizes.

An alternative method [48] stores and tracks, for each particle, three
vectors, originally orthogonal. As the simulation progresses,these vectors
deform due to strain. If the length of any of the vectors increasespast
a certain value, the particle is split in two; if the length is below a certain
value,the particle is mergedwith anothercloseparticle. The total vorticit y is
unchanged,but the kinetic energyand enstrophy arenot explicitly preserved.

Mans�eld [48] also found that the standard global remeshingto regu-
lar grid points, though maintaining total vorticit y and enstrophy, caused
arti�cial growth of the vorticit y region due to the di�usiv e nature of the
Eulerian remeshing(when the remeshingwas kept to within 1% of maxi-
mum vorticit y). There are \anti-di�usion" methods that have beencreated
to prevent this, though, I believe, Cottet says that a su�cien tly high-order
remeshing�lter prevents any undue di�usion of the vorticit y region. Many
authors, though [49, 50] simply remove particles with vorticities below a
certain threshold.

Mans�eld [48] shows that remeshingis necessaryin 
o ws with signi�cant
strain, despite the presenceof any subgrid dissipation models. This should
have beenobvious.

Rossi[51] describesa method for mergingLagrangianparticles, but only
for methods that useGaussianbasis functions. The method could be con-
verted for usewith other basis functions. This procedureconserves the ze-
roth, �rst, and secondmoments of vorticit y.
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Remeshingis done by Cottet [9] and others [52] using a remapped grid
with spatially-varying cell sizes. This allows �ner resolution near shedding
objects, and lower resolution in far-�eld wakes.

Ploumhansand Winckelmans[53] present a method for particle redistri-
bution in 2D in the presenceof generalsolid bodies. This redistribution is
extendedto 3D [37].

A detailed description of the remeshingof elliptical particles to regular
axisymmetric particles is donein [54].

Chatelain and Leonard [55] present a method for particle redistribution
to a face-centered cubic lattice, and show that it comparesfavorably with
redistribution using M4' and \witc h-hat" (M2) �lters.

Eldredge[50] remeshesevery few stepsusing the M4' kernel.
Note that in two dimensions,vortex methods can useparticles for oneof

two uses:as free markers of vorticit y, with no connectivity; or as connected
markers de�ning a vortex sheet. The remeshingused is di�erent for each
type. In the vortex-sheetequivalent, early works [56] would add and delete
particles along the line and resetvorticit y values,somewould even enforcea
constant separationdistanceand �t cubic splinesbetweenparticles. In the
freeparticle method (no examplesyet) vortexesareusually joined whenthey
approach oneanother (or somemore modern method is used).

Clearly, particle methods with remeshingare accurateand fast, but they
are lessuseful to de�ne sharp discontinuities.

Convergence

As detailed in Fishelov [57], the �rst proof for vortex methods was given by
Hald and Del Prete [30] for the 2D casewithout viscosity (Euler's equations)
in 1978. Beale[33] proved convergenceof the 3D vortex method with stretch
computedby di�erentiation of the smoothed kernel in 1986.

More information on the convergencehistory of particle vortex methods
is contained in Haroldsenand Meiron [58]. In it, hecitesGoodman, Hou, and
Lowengrub [59] with the convergenceof the point vortex method for the 2D
Euler equationsin 1990and Hou and Lowengrub [60] for the convergencein
3D in 1990. Another convergenceof PVM for 3D Euler is Cottet, Goodman,
and Hou [61], and Hou, Lowengrub, and Krasny [62].

Perlman's [63] versiongivesthe Hald [31] credit for establishingthe con-
vergenceof 2D inviscid vortex methods. Bealeand Majda extendedthoseto
higher order in two- and three- dimensions[29, 32].
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The accuracyof particle vortex methods dependson many things, most
notably the choice of cuto� function and core radius (sections 2.4.2), and
the initialization of the vorticit y distribution. Theseconstitute the consis-
tency error (smoothing error and discretization error). Also important is the
stabilit y.

Merriman [64] breaks the consistencyerror into moment error and dis-
cretization error and shows how simple discretization methods can lead to
O(1) moment errors near boundaries.That work proposesand analysesdif-
ferent methods around that de�ciency.

2.1.2 Vortex �lamen t metho ds

The theoremsof Helmholtz and Kelvin showed that tubesof vorticit y retain
their identit y and move as material elements in constant-density, inviscid

uid. This led to the study of vortex lines and �lament vortex methods.
Batchelor [65] showed that a zero cross-sectionvortex line has in�nite self-
induced velocity anywhere its curvature is non-zero,obviating the needfor
regularization.

Vortex �lament methodsarecharacterizedby sequencesof material mark-
ersand spacecurvesconstructedto link them. Early �lament methods used
1st order curves(straight segments), but higher-ordersplineshave beenim-
plemented for either the Biot-Savart integration [66], the element remeshing,
or both [67].

Vortex segments in a 3D vortex method were �rst usedby Leonard [68,
12], probably. Chorin [28] usedsimpler, but still �lament-connectedmethod.
Leonard [68] proposestopology change for vortex �laments in very close
proximit y.

Cou•et et al [22] was the �rst to couplea �lament method with a 3D VIC
solver, it usedquadratic splineswith 2-point quadrature points for the inte-
gration. Leonard's review paper [69] covers three-dimensionalvortex meth-
ods using thin �laments with uniform core structure, and referencesmany
earlierworks. Ashurst andMeiburg [66] extendedthe straight-segment vortex
�lament method by connectingadjacent nodeswith cubic splines. The �xed
vorticit y distribution in the cross-sectionof the �lament doesnot changedue
to local strain e�ects (but doeschangeradius uniformly along the �lament
to maintain volumeand conserve energy),and thus de�nes a small-scaleres-
olution limit. Martin [70] applies this method to study the dynamics of a
swirling jet. Knio and Ghoniemuseda \thin tube" method, which is essen-

14



tially a vortex �lament with a coresizethat variesdueto stretch, to study the
stabilit y of vortex rings [71] and the roll-up and entrainment of a shearlayer
[72]. This essentially is the �lament analogueof the core-spreadingtech-
nique. Leonard [69] suggeststhat the core radius change uniformly along
its length in order to make the �lament volume constant. Local variations
in the core radius, due to local di�erences in vortex stretching, can cause
helical vortex lines and thus axial 
o ws that would smooth thesevariations
(Leonard's wording) [73].

Pothou [74] usesa vortex �lament method to predict the acoustic �eld
resulting from the impact of two vortex rings.

Knio and Klein [75, 76] show that usingclosely-spacedvortex particles to
represent vortex lines introducesO(1) errors in the velocity. This improve-
ment of the \thin-tub e model" represents �laments more accurately.

Convergence

The convergenceof the vortex �lament method is presented in Greengard
[77], the method for vortex stretching being a centered-di�erence operator
along the �lament elements, asdoneby Chorin [78] (really?).

Remeshing issues

Remeshingto maintain the quality of the discretization is almost always
doneby splitting any long �lament elements in two. Its origins are likely in
contour dynamicsremeshingof surfacesin the 1D Vlasov equation by Berk
and Roberts [79].

Occasionally, the new node in the material line is chosenwith a higher-
order function [67], or by using an FFT [80], but often it is merely the
midpoint of the old segment [79, 78, 81]. Chorin [78] claims that a �la-
ment remeshingschememore elaborate than midpoint/linear interpolation
is unnecessary.

Leonard [68] did �lament surgery, which joins �laments together in order
to dissipatetheir circulations and reducethe element count.

A particular problem associated with �lament methods appearswhen �l-
aments are usedto describe real vorticit y distributions. A number of closely-
packed �laments are commonly used to represent larger vortex structures
[67, 71, 72, 80], but after a �nite time, these structures thin in directions
normal to the �lament axes. Schemeshave beencreatedto maintain resolu-
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tion in thesedirections,but they involve either breakingthe vortex tubes[72]
or adding an entire newtube betweentwo existing tubes[82] Neither scheme
provides a 
exible, global method for �lament remeshingthat maintains an
even element-to-area ratio.

Politis [83] usesvortex �laments to describe the motion of a shedvortex
sheetin a wake. No remeshingis done at all, either along the �laments, or
between�laments. The �laments are connectedby rectilinear panels.

2.1.3 Vortex sheet metho ds

A vortex sheet can be either a topologically 1D front in a 2D simulation,
or a topologically 2D front in a 3D simulation. A true vortex sheetmethod
should be de�ned as one which maintains connectivity in (D � 1) space
dimensions(both tangential to the sheet),whetherthe vorticit y is represented
by particles, �laments, or triangles/quadrilaterals. Methods that represent
sheetswith disconnectedparticles or �laments are not vortex sheetmethods
for purposesof this discussion.

A vortex sheet is commonly used in boundary element methods to de-
scribe the bound vorticit y or dipole distribution of a solid or 
exible (but
still non-material) boundary within an irrotational 
o w. In thesecases,the
vortex sheetstrengthsof the boundaryelements (usually triangles) is initially
unknown, and must be solved for at every time step. Thesevortex sheetsare
related to the free(wake) vortex sheetsdescribed in this section. Seesection
2.3.2.

Vortex sheetshad beenusedextensively in two-dimensionalvortex meth-
ods,and havebeenrepresented asa collectionof overlappingvortex �laments
or vortex particles, but Agishtein and Migdal [84] was the �rst to demon-
strate a three-dimensionalvortex method basedon vorticit y discretization
into sheets.This work used
at triangles.

Hou, Lowengrub, and Krasny [62] demonstratesthe convergenceof the
point vortex method in describingthe motion of vortex sheets. Lowengrub
did this in his 1988dissertation.

Knio and Ghoniem [72, 85] used triangular and quadrilateral elements
to discretizethe vorticit y and scalargradient in their simulations of doubly-
periodic sheets.The velocity gradients (r u ) are explicitly calculated using
the gradient of the Biot-Savart equation. The displacements of the nodes
are only usedto check for low discretization accuracy. The vorticit y is still
discretized using overlapping thin tubes, like earlier three-dimensionalim-
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plementations, but they are co-locatedwith the tri and quad scalargradient
elements, allowing local computation of the stretching term using the over-
lapping scalar gradient elements' node points. Of special note is that the
triangular discretization usedheredid not constitute a completeand contin-
uoussurface,see�gure 1(b) in the reference.

An improvement appears in Knio and Ghoniem [86], which usesonly
rectangular elements, but forcesthe vorticit y to be exactly along an edgeof
the element. It still computesthe stretching term asa �lament (i.e. usingthe
di�erence in lengthsof the element alongthe vorticit y direction). This work,
though, includes the e�ects of small-Richardson number density gradients,
which cannot be computed using the Lagrangian stretch method. Thus,
\baro clinic splitting" is used,and both terms in the vorticit y update equation
(vortex stretching and baroclinic sourceterm) are computed in a di�erent
manner. Ouch.

Brady et al[87] showed the useof triangulated vortex sheetmethods, but
no remeshingbetween sheetsis done. The vortex sheet is C1 smooth and
de�ned on a two-dimensionalparameter space,constraining the sheetsto
be topologically two-dimensionaland simply connectedat all times. The
computationsuseda direct summation technique, with the in
uence of each
triangle beingcalculatedby integrating over a number of non-singularGauss
quadrature points. The elements are cubic B�eziertriangular patches,and as
such have a continuousnormal vector.

Lozano et. al. [88] used the equivalent of quadrilateral elements for the
simulation of a strong density discontinuity.

Pozrikidis [89] useda C1 continuous sheetdiscretization by using a net-
work of quadratic curved triangles de�ned by six nodes. Quantities are ap-
proximated with quadratic basis functions. Still, tangential derivatives of
surface functions and components of the normal vector are discontinuous
acrosselement edges.This work was the �rst to show the motion of a sin-
gular vortex sheet in three dimensions. There is mention that the �rst 3D
sheetmethod without kernel regularization was Haroldsenand Meiron [58].
Beale[90] alsopresents method for solving singular integrals.

Many authors usediscretizedvortex sheetelements in the computation
of 2D and 3D boundary-layer 
o ws to track vorticit y di�usion into the 
uid
[91, 92, 93]. But these elements are bound to a solid surface,and do not
directly shedinto the 
o w.

An interestingadaptation of vortex sheetsappearsin SummersandChorin
[94], which presents a method of creating impulse at solid boundariesand
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converting them to vortex loopsas they leave the numerical boundary layer.
These loops are intrinsically divergence-free,and are equivalent to vortex
loop panelsset free into the 
o w. Seex2.1.6.

It is important to note that vortex sheet elements are assignedtheir
strength di�erently that particle methods.

Convergence

Ca
isch and Lowengrub [95] present a proof for convergenceof the vortex
method for vortex sheets.

Remeshing issues

In a 2-D particle method, someconnectivity can be created and enforced.
Tryggvasson[96] introducesa method to maintain the resolution of the con-
nected \sheet" by automatic insertion of particles as the sheetis stretched.
The vorticit y of theseparticles is naturally modi�ed, per the vorticit y trans-
port equation. I believe Krasny did this same thing in 1986. Similarly,
Dritschel [97] introduceda similar method for two-dimensionalcontour surgery.
Another 2D sheetmethod wasrecently usedby Kim et al [98], but usedglobal
remeshinginstead of Krasny's point insertion technique (cite?). From these
humble beginnings...

Knio and Ghoniem[72, 86] useda three-dimensionalvortex sheetmethod
with rectangular transport elements containing information of the vorticit y,
scalarvalue and scalargradient. Theserectangular elements were remeshed
by splitting the element in two in areaswherehigh strain reducedthe reso-
lution below the core smoothing radius. This remeshingis done separately
in both directions. The earlier work [72] also investigatedtriangles, but the
remeshingdid not maintain the connectivity of the sheet,it createdholesin
the scalar surface,but sincethe vorticit y was discretizedessentially as �la-
ments, did not a�ect it. The problem with this method is that if the primary
extensionalstrain axis is oriented diagonal to the rectangular mesh,the cre-
ation of a large number of very thin elements is unavoidable. Not even the
remergingof nodesand elements will maintain the core overlap. Arbitrary
triangular mesheswith mergingavoid this problem entirely. Evidenceof this
appears in Table 3 in [86], which shows the number of elements increasing
super-linearly with the areaof the discretizedsurface.

Brady et al [87] did remeshingwithin a sheet by maintaining element
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quality in areasof high curvature. This does not allow long-time runs, as
not only doesthe frontal area increaseexponentially , but the sheetstend to
createareasof high curvature. Triangular elements were used. The method
maintained the circulation on the elements as constant and, thus, had no
problem with vorticit y divergence.

Pozrikidis [89] doesno remeshing.There is mention that spectrum trun-
cation may benecessaryfor vortex sheetsimulations involving surfacetension
or density discontinuities, but that an e�ective method of smoothing the po-
sitions of marker points de�ning a triangulation has not been developed.
Kwak and Pozrikidis [99] present a simple method for regridding directly in
physical space,as the current method does.

There is an additional problem associated with vortex sheets,and that
is in the representation of sheetsof �nite thicknesswith a number of over-
lapping vortex sheets. In the presenceof roll-up, the sheetswill separate
in the direction normal to their surface, losing resolution and compromis-
ing the accuracyof the method. In numerical experiments by this author,
even very-closely-spacedsheetsultimately separate.Look for research on the
desingularizationof vortex sheetmethods by the overlaying of several singu-
lar vortex sheets.See�gure 14d of [86]. Baker et al show the beginningsof
this behavior in a three-
uid system[100].

Extensive discussionof remeshingof 3D triangulated meshesis contained
in Tryggvason et al [101] and Glimm et al [102, 103]. These methods re-
quire logical connectionsbetweentriangular elements. Newer methods have
beencreatedthat relax that requirement, such asTorresand Brackbill [104]
(require quintic splinesto achieve accuratecurvatures, but can actually de-
termine surfaceelement area from an unconnectedset of points), Shin [105]
(a level-set method with marching cubesstuck over it|the marching cubes
triangles are not linked, though they shareendpoints), and level set methods
(section 2.1.5).

Wang and Khoo [106] use a method called the Elastic Mesh Technique
(EMT) to track an interface between water and air. It usesa relaxation
method to move meshnodes,providing higher-quality meshesthan without.
It doesnot allow for element insertion.

Aulisa et al [107] presents a method for maintaining enclosedvolume in
a combined Eulerian-Lagrangianfront-tracking method in 3D.

The problemswith all of thesemethods are twofold: surfacedetail below
� x in sizeis lost, usually without any subgride�ects; and becausethe surface
is entirely remade,no element-wise information canbe retained(vortex sheet
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strength, moments of scalargradient).
No one,to my knowledge,hasattempted inter-sheetremeshingin a vortex

method. One should look to transport element methods or to the computer
graphicsliterature for examplesof this kind of remeshing.

Smoothing issues

In order to prevent the growth of unwanted small scales,someauthors have
takento applying smoothing over the �eld of connectednodes. This is usually
only done with segment (in 2D) and �lament (in 3D) methods. Kim [98]
�lters the global curve in frequency-space.Tryggvasondid much the same
in earlier 2D methods.

2.1.4 Vortex volume metho ds

Discretization of vorticit y can be at one higher dimension, still: volumes.
A Lagrangian meshcan be de�ned by material points in spaceand volume
elements de�ned by their connectionto thesematerial points. A triangulated
vortex method in two dimensionswas �rst introduced in Russoand Strain
[108]. Strain [41] claims that it is di�cult to make a triangulated vortex
method (2D version) that is more than second-orderin space,though a later
generalization[109] remediesthat.

An axisymmetric version exists by Carley [110]. Huyer and Grant [111]
have demonstratedtwo-dimensionalvolume discretizations using Delaunay
triangulations. Grant and Marshall [112, 113] have deviseda method that
usedtetrahedra to discretizethe vorticit y. The tetrahedraarecreatedvia De-
launay triangulation over a seriesof particles. Vorticities areassumedto vary
linearly within the tetrahedra. In
uencesarecalculatedusingtreecode/FMM,
with local interactions using Gaussianquadraturesor integrals over the vol-
umesof the elements.

A two-dimensionalvortex volume method usesa triangular meshto rep-
resent areasof scalar-valued vorticit y. To maintain discretization accuracy,
the distorting triangles needto be remeshedonto a new set of less-distorted
triangles. One possibleprocedurefor conservatively remeshingthe vorticit y
is presented by Ramshaw [114], though it is unknown whether or not is has
beenusedin the context of vortex methods.
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2.1.5 Level Set metho d

The Level SetMethod introducedby OsherandSethian[115] in 1988.A sum-
mary of recent level-setresearch appearsin [116, 117]. This is an exampleof
a \fron t capturing" technique,which is di�erent from a \fron t tracking" tech-
nique in that the latter maintains an explicit representation of the interface.
Level setsare amenableto grid solvers, hencetheir popularity.

This method can be used to capture sharp interfaces between 
uids,
though it requires a large number of tracked particles, and automatically
coalescesfronts whendetails are smaller that a grid cell. It was �rst usedfor

o w calculations in [118]. In that work, the method appears di�usiv e and
less-capableof tracking detail than a pure Lagrangianmethod.

Chang et al [119] useda level set method in 2D to compute the motion
of interfacestracking large density jumps. The solution method is pure Eu-
ler, though. Zhao [120] usesa variational level set approach for multiphase
motion.

Strain [121] presents a quadtree level set method for moving interfaces
that usesa semi-Lagrangianadvection technique.

Herrman [122] usesa level-set/vortex sheetmethod to study two-phase

o ws in two dimensionsto study the primary atomization in turbulent envi-
ronments. The method has no viscousdi�usion (used the Euler equations),
but accounts for surfacetension.

The Particle-Level Setmethod [123] tracks Lagrangianparticles, but uses
them only to recreatethe grid-resolution-limited front for the Euler calcula-
tion.

Disadvantages of the level-set scheme are that it relies on high-order
schemesfor the advection term (being an Eulerian approach), and, for the
vortex method extension,requiresspecialtreatment of the vortex sheetstrength
transport equation. In addition, the resulting velocity �eld for incompressible

o w calculationstypically contains non-zerodivergence,and thus a separate
calculation must be madeto make the results divergence-free.Its advantage
is that the curvature and normal can be calculatedon the grid, allowing for
smoother interpolation of curvature than a C1 continuous sheet (piecewise

at triangulated mesh).

Only recently [124] have level set methods been used to track material
quantities on propagating interfaces. Is this in a Lagrangiansenseyet?
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2.1.6 Magnet/impulse elements

Lundgren [125] proposedthe useof spiral vortex cores(a preferredstate of
stablevorticit y) in the study of �ne-scale turbulence. Thesecoresare clearly
the causeof the cauli
o wer look of rapidly-convecting cloud boundaries,and
can even be seenin Javier's PLIF imagesof buoyant turbulent jets.

Buttk e [126] reformulated vortex methods in terms of impulse elements,
asthey naturally preserve the divergence-freecharacter of the vorticit y �eld.

This type of element must be related to the vortex dipole in R. Cortez's
thesis(UC-Berkeley, 1995). This element preservesall invariants of the three-
d Euler equations,aswell asmaintaining the solenoidality of the velocity and
vorticit y �elds. The singularity of the velocity kernel is of one order higher
than the standard vortex monopole, and this results in not only stabilit y
restrictions, but requires a solver that can handle r � 3 velocity in
uences
(note that velocity gradients in vortex monopole �elds in 3D decay like r � 3,
as the velocity itself decays as r � 2).

Called a \magnet" method in [94], theseelements areconceptuallyequiv-
alent to a vortex loop. The magnitudeof the impulseof a magnetelement is
equal to the product of the vortex loop's circulation and area. Summersand
Chorin [94] shows how to createimpulse and vorticit y on a solid surface.

Zabusky[127] calls coherent vortex structures that move under their own
self-induction \v ortex projectiles." Examplesare a pair of point vorticies in
2D or Hill's sphericalvortex in axisymmetric coordinatesor 3D.

Cortez [128, 129] shows that impulseblobsare roughly equivalent to vor-
tex blobs in some
o ws, but cautionstheir usefor representing vortex sheets
under extremestrain.

2.1.7 Semi-Lagrangian particles

As an option, onecould usea semi-Lagrangianforward time-steppingscheme
where the state at the new time step is determined using a Method of
Characteristics|w alking backwards in time along the local velocity vector
and interpolating the valueat the resulting position. This method originated
with work from Wiin-Neilsen [130] in 1959and Sawyer [131] in 1963. Good
descriptionsappear in Robert [132] and a history appearsin Bates[133]. Jos
Stam's \stable 
uids" [134] added a velocity correction step to account for
divergenceerrors in the velocity advection stage.

Advecting vorticity instead of velocity would produce a method that is
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much lessdissipative, but slightly more costly. It would be no more sta-
ble than the velocity formulation as published, but it will be lessdi�usiv e.
This was done by early authors [131] in two dimensions,but not in three
dimensionsuntil Malevsky [135].

Also notable is a Semi-Lagrangianmethod for contour advection, called
the \Contour Advection Semi-Lagrangian"(CASL) algorithm by Dritschel
[136] and used in [137]. Alternativ e Semi-Lagrangianmethods for surface
advection can uselevel sets[121].

2.1.8 Pure Eulerian

Though not vortex methods per se, Eulerian (grid-based) solutions of the
velocity-vorticit y or velocity-streamfunction equationsrelate in many ways
to their Lagrangian counterparts. Many vortex methods have borrowed al-
gorithms and methods from Eulerian implementations.

Someexamplesof grid-basedvorticit y methods are [138, 139, 140, 141].

2.1.9 Com binations

Several authors seemerit in combining two of the above methods in their
calculations. For example,Chorin [142] �rst combined sheetwith particles
in 2D, later done by [143]. Bernard combined sheetswith �laments for his
late-90'swork [144].

2.2 Solution metho ds for the Biot-Sa vart equa-
tion

2.2.1 Direct in tegration

A vortex method is a computational method in which the 
o w is represented
by a collection of Lagrangian particles of vorticit y moving under the self-
in
uence of one another. This motion is quanti�ed by the Biot-Savart law
(2.1), which determines the velocity at a point in spacegiven a complete
de�nition of the vorticit y �eld.

u (x ; t) =
1

4�

Z
! (x 0; t) � (x � x 0)

jx � x 0j3
dx 0 (2.1)
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Using this formula, a vortex particle's velocity can be computed from the
vorticit y and location of every other particle. Each particle is then advected
accordingto its local velocity, and has its vorticit y modi�ed to account for
vortex stretching and viscouse�ects.

It is obvious that if the Biot-Savart law wereusedto calculatethe velocity
of each of the N particles in a simulation, then the calculation of a single
time step would involve O(N 2) evaluations. This is clearly inappropriate for
largevaluesof N , aswould be necessaryfor simulations of three-dimensional
turbulence.

One method to reducethe O(N 2) computational e�ort is to usea long-
rangecuto�|to ignorethe in
uence of any vorticit y that is beyond a thresh-
old distance. This was usedby Chorin [78], but is more frequently usedfor
Lennard-Jonesforces(which vary as r � 6 and r � 12) in molecularsimulations
[145].

Sometimescalled\direct evaluation" or the \direct method", this method
is straightforward to implement, but slow to run. Implementing the method
on parallel computers[146, 147, 92] is straightforward, but only provides a
linear speedupdependent on the number of processorsinvolved.

Lozano et al [88] applied this method to solve for the evolution of a
vortex sheet carrying a large density jump. A � parameter was added to
desingularizethe Biot-Savart kernel. The kernel was integrated over the
entire computational surface.

Low [148] �rst suggestedthat vorticit y can be discretizedas blobs onto
material particlesand may travel with valuesintact. The �rst vortex simula-
tions weredoneby Rosenhead[16] in two dimensionswith 12 singular point
vorticies. Those same calculations were repeated by Birkho� and Fisher
[17]. Those calculationsshowed that without regularization, a point vortex
method cannot be used to approximate a vortex sheet. Seediscussionin
[149].

Regularization in vortex metho ds

The needfor regularization was driven by the discovery of curvature singu-
larit y formation in vortex sheetsin �nite time in 2D [150, 151], 3D [152, 153,
154], and in contour dynamics[155] in 2D [156]. Kudela [157] goesso far as
to state

From the practical point of view, the emergenceof a singularity
is physically unacceptableand shows inadequacyof the mathe-
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matical model in describing the problem. So it is reasonableto
includecertain physicalmechanismslike di�usion, interfacial ten-
sion or the �nite thicknessof the interfacial transition region to
regularizethe problem.

Regularization, as opposedto di�usiv e viscosity, can be provided by a
number of means,from length scalecuto�s [15, 19, 26], in direct or treecode/FMM
methods, to the grid regularization provided by hybrid Eulerian-Lagrangian
schemessuch as VIC and Level Set [118, 122]. Kudela [157] points out the
viscouscharacter of the � 2 regularization [26].

Nitsche [158] says \comparisonswith solutionsof the Navier-Stokesequa-
tions [159] and with experimental measurements [160] show that the [vortex
blob] method approximates viscous
o w well for su�cien tly small valuesof
the arti�cial smoothing parameterand viscosity."

Luchini and Tognaccini [161] compare high-resolution two-dimensional
simulations of regularizedEuler 
o w and high-Re viscous
o w and �nd very
few di�erences.

Keepin mind that the Biot-Savart kernelexhibits a 1=r2 singularity, thus
a vortex sheetmust havea continuousnormal vector in order for the principal
value of the integral to exist.

Dissipation is an intrinsically di�erent procedure than regularization,
though tests [161] have shown that the two behave very similarly in certain
cases.This is becauseregularization in a vortex method limits the magni-
tude of the velocity gradient, which in turn prevents the stretching term from
creating the required new vorticit y.

2.2.2 Vortex-In-Cell (VIC)

A vortex-in-cell schemecan be usedto determine the velocity �eld , instead
of the individual element velocities, as direct integration of the Biot-Savart
equationwould produce. VIC is a pure PM (particle-mesh)algorithm, and is
an extensionof the Cloud-in-cell (CIC) algorithm. Birdsall and Fuss[162] in-
troducedthe Cloud-in-cellmethod for plasmaparticle 
o wsin 1969.The gov-
erningequationsfor these
o wsarevery similar to thoseof the streamfunction
equations,as both rely heavily on potential theory. The �rst particle-in-cell
method (Harlow [163]) was for hydrodynamic problems,usedthe zero-size-
particle and nearest-grid-point method (ZSP-NGP) and did not usea Poisson
equation.
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First, the elements' vorticities are placed onto a temporary grid. From
this vorticit y �eld, the velocity �eld is solved for in oneof two manners:

r 2 = � ! ; u = r �  (2.2)

or
r 2u = �r � ! : (2.3)

In two dimensions,theseequationscan be written

r 2 = � ! êz; u = r �  (2.4)

and
r 2u = �r � ! êz: (2.5)

The streamfunctionformulation requiresonesolution to the Poissonequa-
tion for the 2D case(2.4), and three for the 3D case(2.2). This formulation
is also discussedin [140], and in 3D requiresthat the vector potential, vor-
ticit y, and velocity are all divergence-free.More discussionon the needfor
divergence-freevorticit y appears in [164]. A problem with the streamfunc-
tion approach in three dimensionsis the determination of proper boundary
conditions. Wong and Reizes[165] proposea solution in this regard. This
formulation originateswith Helmholtz's Decomposition Theorem.

The vorticit y formulation requirestwo solutionsof Poisson'sequation for
two-dimensional
o w (2.5), and three for three-dimensional
o w (2.3). An
advantageis that the only requirement is that the velocity bedivergence-free.
There is no mathematical constraint on the vorticit y, save our insistenceon
its divergence-freephysical character. (Is this really true?)

The Poissonequation,beinga specialcaseof the Laplaceequation(which
is itself a special caseof the Helmholtz di�erential equation), is a separable
partial di�erential equation, and can take advantage of fast solvers that use
FFTs (FISHPAK) or multigrid methods (MUDPACK). Leonard [12] goes
into further detail on the relation of this solution to Fourier methods.

Christiansen[166, 167] �rst appliedthe VIC method to 
uid 
o w problems
in 1973, using a code developed in 1970 [168], for the simulation of the
Kelvin-Helmholtz instabilit y in two dimensions.He usedthe streamfunction
approach (2.4).

At the sametime, Hirasaki andHellums[169] presented a solution method
for the three-dimensionalvector potential requiring three separatePoisson
equationswith mixed Dirichlet and Neumanboundary conditions.
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Cou•et [22] �rst useda three-dimensionalVIC method, using vortex �l-
aments to study the evolution of vortex rings. They noted two sourcesof
azimuthal velocity unevenness:onecausedby the interpolation kernel itself
(causing small-scaleperturbations), and the other causedby the doubly-
periodic placement of imagevortex rings (causinga larger k = 4 mode per-
turbation).

Zawadski and Aref [170] present a 3-D VIC method using vortex sticks
(disconnectedparticles) to simulate o�set vortex ring collisions.

Ould-Salihi [11] comparesa VIC method and a �nite-di�erence method
in his discussionof combined particle-grid methods. Savoie, Gagnon, and
Mercadier [171] used a random-walk VIC method to compute the starting

o w behinda two-dimensionalstep. Tryggvason[149] comparesVIC methods
to vortex blob methods by studying the Kelvin-Helmholtz instabilit y in two
dimensions.Abdolhosseini[172] usea two-dimensionalVIC method to study
the growth of turbulencein a shear
o w. Cottet [10] comparesa VIC method
to a spectral method to calculatehomogeneousturbulence.

In addition to the errorspresent in direct calculation, this hybrid approach
introducesseveral newerror terms. Due to the repeatedinterpolation of val-
uesbetweenthe particles and the grid, the error of the interpolation method
must be studied. Additionally , di�erencing errors from the Poissonsolution
must be accounted for.

Meng and Thomson [56] state that VIC calculations are inherently un-
stable (true for all vortex methods, I would think), and this is correctedfor
by �ltering in wavespaceand damping the high wavenumber modes. Does
this correct for the non-sphericality of the �ltering kernel used?

The VIC method can be improved with a method of local corrections
[173], whereby the e�ects of vortexeswithin a distanceof O (h) arecalculated
using direct integration, while the e�ects of all other particles are calculated
with VIC. This is an extensionof the particle-particle/particle-mesh(PPPM)
originally of Hockney, Goel, and Eastwood [174], 1974. Walther and Mor-
genthal usean improved PPPM [175] in their 2D immersedboundary VIC
simulations [176].

The literature contains many examplesof two-dimensional[172, 177, 46,
137] and three-dimensional[46, 178, 49] VIC methods.
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2.2.3 Treecode/F ast Multip ole Metho d (FMM)

Appel's method [179] and the Barnes-Hut method [180] both hierarchically
subdivide a set of computational elements and approximate their strengths
in order to speedthe Biot-Savart velocity summationover the given set. The
latter is alsocommonlycalleda treecode. While the original work usedonly
�rst order multip ole expansions(monopoles), methods using higher-order
expansionsare still referred to by this name.

The Fast Multip ole Method (FMM, Greengard-Rokhlin) [181] is an ex-
tensionof the Barnes-Hut treecode that includescalculating local expansions
to reducethe order of the computations. While theoretically O (N ), no im-
plementation of FMM on desingularizedparticles achievesthat performance.
Researchershave achieved speedsof O (N logN ) or even O (N 1:1) [44] (but it
looksmore like 1.2) using thesemethods. Dehnen[182] claims O (N ) speed,
but only for singular particles.

Anderson [183] presents a fast method similar to FMM but which uses
Poissonintegrals insteadof multip ole moments. Performanceis comparedto
FMM in [184], appendix b.

In an interesting observation by Nordmark [42], the computational labor
for FMM is limited to O (N 1:5) when high- or in�nite-order cuto� functions
are used. This is becausethe cuto� parameter � must be proportional top

h [185], where h is the grid size for regridding, in order to maintain high
accuracyfor long-time integrations. When � is proportional to h, FMM can
achieve its theoretical optimum order. Strain [109] usesa new error bound
to construct a 2D vortex method that shrinks the needfor large smoothing
radius.

The Barnes-Hut/treecode method is more easily parallelizable,and may
have been done in a scalably fashion �rst for gravitational problems by
Salmon[186]. Sincethen, several authors have presented parallel treecodes
[187]. Bernard [144] usesthe full G&R FMM code on parallel machines.

Treecodes [188] have beenusedto calculate velocities in Eulerian-frame
Navier-Stokessolvers in vorticit y variables.

FMM/treeco des(particle-particle methods) havealsobeenusedfor molec-
ular simulations [189, 145], but Particle-meshmethods with local corrections
(particle-particle particle-mesh)may be equally or better suited.

Strickland et al [190] present a treecode that solvesfor both velocity and
radiation in three dimensions. The authors mention that treecodes can be
usedto solve scattering problems,too.
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The literature contains many examplesof two-dimensionaltreecode [188],
three-dimensionaltreecode [190, 37, 191], two-dimensionalFMM [41, 109,
192], and three-dimensionalFMM [144, 43, 192] implementations.

2.2.4 Other metho ds

Contour dynamics, which have no three-dimensionalcounterpart, are e�ec-
tive in computing 
o ws with boundedareasof constant vorticit y [155, 193].
This avoids the problem of point vortex methods by changing the order of
the singularity in the integrand from x � 1 to logx. The origin of this method
is the Water-Bag model of Berk and Roberts [79].

A related method [194, 195], possibly inspired by the results in [193] uses
overlaid elliptical vortex patchesto describe the motion of separatedpatches
of vorticit y in 2D 
o ws.

2.3 Corrections due to boundaries

Talk about the additive nature of the velocity �eld, the superposition of
potential 
o w elements, and the solution of panel methods [196] and their
parent Boundary Element Methods.

Two types of boundary must be de�ned here: one type of boundary
is the grid boundary used in hybrid Eulerian-Lagrangian solvers such as
VIC; the other is a boundary surfacebetweenthe 
uid domain and a 
uid-
impenetrableobject, whether the 
o w be internal or external to the surface.
The secondtype of boundary will be discussedhere,but there must be some
overlap of the descriptionsdue to their similarity in somecases(inviscid slip
wall boundariesin VIC).

This section should really be composedof the following: computational
volume boundaries for VIC methods (Poissonequation solvers), boundary
element method solvers for both free-spacesolvers (internal and external)
(direct, treecode, FMM) and VIC (internal boundariesonly).

The �rst boundary treatment in vortex methods was the method of im-
ages, a technique createdto simulate the e�ects of a solid plane or spherein
a two-dimensional
o w. Each singular vortex hasan imagevortex placedon
the other side of the plane, or the interior of the circle, which participates
in the velocity integration. The e�ect of theseimage vortexesis that of an
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inviscid plane or spherein the 
o w�eld. This has been repeated in three
dimensions[94].

Another wall-bounded
o w method is usedby Gharakhani and Ghoniem
[93]. Summersand Chorin [94] usea hybrid vortex/magnet �eld to simulate
the 
o w over a sphere.

Flows can sometimesbe computed with periodic boundary conditions.
This is possiblewith direct solvers with the useof imagevorticies, and with
VIC solvers, becauseof the 
exibilit y of available Poissonsolvers.

Oneproblemwith de�ning two typesof boundaries,aswe do here,is that
for simply-connecteddomains,the meshcan be contorted to �t the internal
boundaries. In the caseof 
o w over a sphere[37], even though the authors
useFMM, they still remapa grid sphericallyover the solid object and remesh
particles on it.

2.3.1 Domain boundaries

The boundary of the computational domain is treated di�erently basedon
the velocity solution method. FMM and treecodes must use open bound-
ary conditions exclusively, unlessan Ewald-summation-style method is used
to allow periodic boundaries. Wall boundaries,or any internal boundaries,
typically require a full BEM solution.

Wall boundaries

VIC methods, due to their Laplace solver, can incorporate Dirichlet (value
given on the boundary), Neumann (derivative given on the boundary), or
periodic boundarieseasily. Wu [197] discussesthesetypesof boundary con-
ditions for wall and free surface
o ws.

In addition, conformal mapping can be used to create a regular grid
in domains that are not perfectly rectangular. Malarkey and Davies [198]
investigatewhether Routh's Correction is necessaryin this case.

If an internal boundary is regular (sphericalor rectangular), the compu-
tational domain for an Eulerian-type calculation can be redrawn to conform
to the internal boundary. Most notably, Cottet hasdoneVIC calculationsof
the 
o w around a sphereand cylinder [199, 49] using this kind of body-�tted
grid.

This sectioncoversnot only methods for which oneface/sideof the com-
putational volume is de�ned to be a solid wall, but also for methods which
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map or contort a regular grid such that the samecondition exists [37, 200].
Conformal boundariesareeven usedin methods wherethe boundary is mov-
ing, such as a wavy moving wall [143].

Tryggvason et al [139] compute 
o w inside a 2D box with the top as-
sumed to be a free surface with variable surface tension. The work uses
�nite di�erences and a u- formulation. Becausethe free surfaceis treated
as a boundary of the 
uid domain, it is included in this category.

Op en boundaries

Baker [201] computesthe boundary conditions for a VIC method using the
streamfunction approach by grouping all of the point vorticies into local
centroids and calculating the velocity at the open boundariesby direct sum-
mation of the e�ects of thesecentroids. Then, the valuesfor the boundary
streamfunction are determined by numerically integrating the around the
boundary. It is even suggestedthat, with proper choice of the number of
local centroids and number of boundary evaluation points, this method is
faster than setting the boundariesas periodic in the Poissonproblem. Liu
and Doorly [39] computesthe velocity on the boundary of their VIC domain
by direct Biot-Savart integration over the cell vorticit y values.

Brecht and Ferrante [202] refer to their development of free-spacebound-
ary conditions for a 3D VIC method using the streamfunction approach. A
tridiagonal system is solved at each boundary. Though, in [203], they use
periodic boundariesafter stating that it changesthe answer by only a few
percent.

Gharakhani [204, 93] proposesa new type of outlet/op en boundary con-
dition for vortex methods which usethe vorticit y-streamfunction equations.

E and Liu [140] describe a separate2D calculation at the outlet plane in
order to solve for the outlet velocities.

Comini et al [205] employ \advective derivative conditions" at out
o w
boundariesfor two-dimensional
o w in  -! vorticit y coordinates.

Sohankar et al [206] study the e�ects of a convective boundary condition
(the SommerfeldBC) on the local and global 
o w over a squarecylinder with
a �nite-di�erence method.

Gharakhani, in private conversations, suggestsusing FMM to solve for
the boundary conditions (velocity) on all open walls, on a grid-wise basis.
Thesevaluescan be fed into a VIC solver as Dirichlet boundary conditions.
The accuracyof the FMM summation would scalethe velocity divergence
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error.
Despite more advanced methods, modern approaches have skirted the

di�cult y in their own ways. An inviscid slip boundary is used in the VIC
method in [11] to simulate an open boundary.

Perio dic boundaries

In direct summation, treecode, and FMM implementations, which are most
commonly run for free-spaceproblems,one can implement periodic bound-
ary conditions by either including in the computation the e�ects of a �-
nite number of copiesof the vorticit y �eld acrosseach periodic boundary
[78, 66, 67, 88, 207], by a complicatedsummationand estimation of the error
term [72] (obvious asymmetriesremain in the results, seethe y-plane images
from [72, 86]), or by a method known as Ewald summation [58, 89]. Brady
et al [87] discussesthe singly periodic vortex sheetsolution, while Pozrikidis
[89] doesthe samefor doubly-periodic free-spaceGreen'sfunctions.

In VIC methods, periodic boundariesare often supported in the Poisson
solver itself, obviating the need for any special treatment [203], save the
proper discretization of elements acrossthe boundary [11]. This author has
still seenasymmetriesin 
o w simulations, usually after considerable
o w
development.

Symmetry boundaries

Baker [201] states that a plane of symmetry, when used as a boundary in
a streamfunction-VIC calculation, can be de�ned by assigninga constant
value to the streamfunction on that boundary. This is becausea plane of
symmetry in a 2D 
o w is alsoa streamline.

2.3.2 In ternal boundaries

In this section,we will look at methods to solve for 
o wsaround solid objects
that are at least somewhatwithin the computational domain, i.e. objects
that displace 
uid in the domain, as opposedto simply boundariesof the
domain. The treatment of theseboundariesdepends on the type of solver
usedand lesson the vorticit y discretization.

An immersedboundary technique is given in Peskin [208] for the Navier-
Stokesequations. Fogelson[209] extendsa method by LeVequeand Li [210]
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for discretizing the Laplacian with Neumann (derivative) boundary condi-
tions for immersedinterfacesin Cartesiangrid solvers. The authors improve
upon the �rst-order method (one-sideddi�erences for the normal derivatives
and centered di�erences for the interior Laplacian) by imposing a compact
(3x3x3) stencil for the derivatives,making a second-ordermethod. Deng et
al [211] describesa method for solving3D elliptical equationswith immersed
interfaces.Gilmanov et al [212] present a second-ordertechnique for enforc-
ing boundary conditions on immersedarbitrary triangle meshesin regular
grids. Finally, Marella [213] discussescartesiangrid methods with immersed
interfaces(either 
uid-solid or 
uid-
uid).

There seemto be many Eulerian methods designedto solve immersed
boundary problems[214, 215, 216].

Boundary Elemen t Metho d (BEM)

To compute 
o ws around objects, one can useany number of methods. A
boundary element method can be usedto satisfy the no-through-
ow or no-
slip conditions for internal or external boundaries[93]. The BEM solution
can involve direct calculation, and LU decomposition for inversion of the
in
uence matrix [204, 147], or involve multip ole-acceleratedmethods [44].
The simplest BEM is identical to the early panel methods.

Boundary integral techniques can do a number of things for a vortex
method. In the inviscid case, it can solve for the distribution of source
strength over an object in order to determine the irrotational portion of
the 
o w in the Helmholtz decomposition [217]. From this strength follows
the pressure,and then the forces. One could convert the pressureinto a
slip velocity by numerically integrating over the surfaceusing the following
equation

� u s =
�

�
1
�

r sp + �
@2u
@� 2

�
�
�
s

�
� t (2.6)

wherethe 
ux of vorticit y is obviously related to the secondcomponent.
Alternativ ely, a BEM could solve for the surfacevorticit y distribution

by setting a no-slip boundary condition, and remove the requirement for a
surfaceintegral to be solved to determine the vorticit y 
ux. This method
requires solving a matrix that is twice as large in each direction, as the
surfacevorticit y hastwo unknowns per panel. Spalart (\V ortex methods for
separated
o ws," Von Karman Inst. for Fluid Mech., Lecture Series1988-05,
1988)claims that in 2D thesetwo casesare equal.
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Clarke and Tutt y [218] present a 2D BEM for vortex methods that uses
elements that are 2nd order in spaceand 1st order in vorticit y (linearly-
varying vorticit y over a curved element).

Wu and Wu [219] wrote complete equations for the vorticit y, vorticit y

ux, compression/expansion,and force on a solid-
uid interface.

Marshall and Grant [38] usea combination of sourceand vortex panels.
Modern vortex codesusethis boundary integral equationmethod, namely

Ploumhanset al [37]. They alsomodi�ed a method to compute the forceon
a surfaceto useonly the velocity on the surface. Other modern VM-BEM
research appearsin [52].

Beale [220] solves elliptical boundary integral problems by determining
the strength of a double-layer potential and usesrectangular grids in over-
lapping coordinate systems.

Most importantly, strong 
uid density interfaces require the use of an
elliptical boundary integral solution to determinethe strengthson the inter-
face. Really? SeeBaker and Beale[221]. Wang and Khoo [106] usea BEM
to determinethe motion of an multi-
uid interfacefor simulations of bubbles
underwater.

Iterativ e metho ds

Instead of solving a densematrix equation, one is able to obtain a solution
by solving a seriesof elliptic equationsfor the surfacestrength of the solid
(or free-surface)boundaries. This is also a BEM, but is constructed and
analyzedin a di�erent way.

Cottet [199] presents a method for satisfying the no-slip boundary condi-
tion on an arbitrary object in a rectangular grid. It consistsof solving for a
function g such that solving

r 2� = g (2.7)

yields no through-
o w on the boundary:

@�
@n

= � (r �  ) � n (2.8)

where  is the vector potential. Also addressedare schemesfor shedding
proper vorticit y into the 
o w from theseboundaries.

Udaykumar et al [222] present a method for solving the Navier-Stokes
equations on a �xed rectangular grid in 2D around immersedboundaries,
which requiresa Poissonsolution to the pressureequation.
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Walther and Morgenthal [176] proposesanother immersedboundary tech-
nique for VIC methods, but strictly in 2D.

A 3D immersedboundary method is usedin VIC calculationsby Cottet
and Poncet [49].

Albuquerque and Cottet [223] present a method that couples a �nite
di�erence and integral formulas to create an iterativ e method for solving
problemssuch as this.

2.3.3 Fluid-structure in teraction

Fluid-structure interaction (FSI) requirescouplingbetweena 
uid solver and
a structures solver. Many researchers have presented results with one-way,
or no coupling. Only few have attempted full two-way coupling usingvortex
methods as the 
uid solver [224].

2.4 Other topics

There exist several peripheral topics germaneto vortex methods research
that do not �t nicely into any of the headingsabove. Theseinclude particle-
grid operators and the generalizedHelmholtz decomposition. They shall be
described in detail in this section.

2.4.1 Time in tegration and discretization

Most authors use 1st or 2nd order forward integration methods, and often
higher order methods for advection are not similarly usedfor updating the
particle strengths [184]. This is called 
ux-splitting. Sometests revealed
that 1st order time steppingaccuracywas not acceptable[44]. This is likely
dueto time integration errors in Lagrangiantra jectoriesthat may contribute
to an inaccurate vorticit y representation. Many authors still use �rst-order
stepping for their di�usion routines. A 2nd order method from the Runge-
Kutta family is usedfrequently [81], and so is the classic4th order Runge-
Kutta [98].

Di�eren t authors proposedi�erent maximum time steps. Brady et al [87]
usesa 2nd order Runge-Kutta method with a time step limit basedon a
maximum element strain criterium. Other authors have usedk ! k� 1

max .
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In simulations with large density jumps (section 3.5.2) the acceleration
must be computed. Brecht and Ferrante [203] describe a leapfrog method
that stably computesthe accelerationterm. This is dealt with more in the
corresponding section.

Fernandez[187] usestemporal grid adaptivit y (multiple substepsfor fast-
moving particle) for vortex �lament simulations.

2.4.2 Particle-grid operators

IMPORTANT: note the di�erence between cuto� functions for pure vor-
tex methods and particle-grid operators for combined Lagrangian-Eulerian
methods!

Any particle-grid method reliesheavily on the transfer of quantities from
the particles to the grid and back. Most often, the interpolation kernelsused
aretensorproductsof one-dimensionalkernels.A classof thesearecreatedby
successive convolutions of the top-hat �lter [184]. A straightforward analysis
of theseoperators is given in [11].

To desingularizethe Biot-Savart kernel, point vorticit y values are con-
volved with a smoothing function that aims to replicate as many moments
of the delta function but have a �nite area/volume. The spatial order of
accuracyof a vortex method is determinedby the choice of this smoothing
function.

Hald [31] presented several cuto� functions which emit secondorder accu-
racy. Bealeand Majda [225] present a classof in�nitely-di�eren tiable func-
tions which can provide high-order accuracy. Perlman [63] concludesthat
higher-orderkernelsimprove accuracyonly if the 
o w is smooth enough,and
that the kernel support needsto increaseas the kernel order increases.

Tryggvason[149] showed similar resultsbetweenVIC methods and desin-
gularizedparticle methods when the blob sizeand the meshsizeare roughly
equal.

Dissipation is an intrinsically di�erent procedure than regularization,
though tests [161] have shown that the two behave very similarly in certain
cases.This is becauseregularization in a vortex method limits the magni-
tude of the velocity gradient, which in turn prevents the stretching term from
creating the required new vorticit y.

Interpolation �lters are important becausethey govern both placement of
valuesfrom Lagrangianelement to a �eld, and the transfer of �eld quantities
back to the elements. Higher-order methods for this, a general aspect of
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hybrid algorithms, is presented in Walther and Koumoutsakos [226], who
useVIC and PSE to include large number of solid particles into a 
o w with
2-way coupling.

In the current research, it is seenthat anisotropic kernels(those created
simply with tensor products of one-dimensionalkernels) create small-scale
structures that do in
uence the larger scales.

In placing vorticit y onto a grid (or otherwise interpolating it), the dis-
cretization technique drives the formula, with particle techniquessumming
over ! i dVi (vorticit y times volume), �lament methods summingover � i dX i

(circulation times material segment vector), and sheetmethods integrating

 i dAi (sheetstrength times area).

Particle-In-Cell

The earliest Lagrangian-Eulerianmethods [163] tied particles to grid values
basedsimply on which cell each particle was in. Particles were considered
to have zero volume and pass instantly from one cell to another. This is
equivalent to a nearest-neighbor interpolation method. This is also called
zero-size-particleand nearest-grid-point method (ZSP-NGP) by Birdsall and
Fuss[162].

Vorozhtsov [227] studied the use of sub-cell-sizedspherical and square
particles to easethe transition of a particle from one cell to its neighbor.
Despitean improvement in the smoothnessof solutions to the 1-D Riemann
problem, the method still failed to account for any particle motion completely
within each cell.

Cloud-In-Cell

Bi- (tri-) linear interpolation, also called Cloud-in-Cell (CIC) M 2, area-
weighting, or square-particle, is the tensor product of the one-dimensional
tent function which itself is the convolution of two top-hat functions. It is
secondorder.

W(x) =
�

0 : jxj > "
1 � jxj : jxj � "

(2.9)

It wascreatedby Birdsall andFuss[162] in 1969for usein plasmasimulations.
It was the method usedby Christiansen[166, 167] in the �rst VIC method.
Both Christiansenand Baker [201] suggestthat useof theseanisotropicinter-
polation kernelsleadsto �ne-scaleerror, but that the error may not seriously
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a�ect the large-scalefeatures. A CIC interpolation method conserved total
circulation and linear impulse, but not angular impulse, which has an er-
ror bound given in [201]. Brecht and Ferrante [203] usethis area-weighting
function with a digital �lter and mid-rangeboost to reducenoise.

� 2

A third-order interpolation formula created not from the family of smooth
formulae is the third-order � 2 [228].

� 2(x) =

8
<

:

1 � x2 : 0 � x < 1
2

(1 � x)(2 � x)=2 : 1
2 � x < 3

2
0 : jxj � 3

2

(2.10)

This �lter function is not smooth or even continuous,but still maintains the
�rst three invariants. Najm et al �nd that using this �lter for redistribution
(re-gridding) introducesspuriousnoiseinto their Eulerian calculation of the
viscousterm. Thoseauthors usethe smoother W4 kernel for redistribution.
Similarly, Cottet et al [46] �nd the same,and proposeM4' or � 3, both 4-th
order kernels.

M3

Also calledthe triangular-shapedcloud (TSC), this is a secondorder interpo-
lation technique that arisesfrom successive convolutions of the top-hat �lter
(just like CIC 2.4.2and M4' 2.4.2). The formula for TSC is given in [229] as

M3(x) =

8
<

:

1 � c � x2 : 0 � x < 1
2

1
2(c � jxj + x2) : 1

2 � x < 3
2

0 : jxj > 3
2

(2.11)

Sinceits inception, it has beenimproved via \charge sharing," \subtracted
dipolescheme" [230] which setsc = 0, and a schemewhereby the valueof c is
chosento minimize noisein the one-dimensionalspectrum [229] (c = 17=60).

� 3

This is a piecewisecubic fourth order function that is continuous, and was
usedby Cottet et al [46] for regridding. It seemedto behave as well as the
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similar-stenciledM4' kernel in that regard.

� 3(x) =

8
<

:

(1 � x2)(2 � jxj)=2 : 0 � jxj < 1
(1 � jxj)(2 � jxj)(3 � jxj)=6 : 1 � jxj < 2

0 : jxj � 2
(2.12)

M4'

The M 0
4 (W4) [231, 232] method is usedin smoothed particle hydrodynamics

as well as by other vortex methods researchers.

M 0
4(x) =

8
<

:

0 : jxj > 2"
1
2" (2 � jxj)2(1 � jxj) : " � jxj � 2"

1 � 5x2

2 + 3jx j3

2 : jxj � "
(2.13)

The method is not strictly positive, asare the other methods, though it is C1

smooth. Evaluation of this kernel requiresknowledgeof four grid points in
each dimension,making a 64 point stencil in 3D. For that e�ort, M 0

4 rewards
the userwith fourth order accuracy.

Gaussian core

Alternativ ely, a Gaussianform of the core function can be made. Leonard
[69] proposeda third-order Gaussiancore function that was later shown to
yield a second-orderdiscretization by Bealeand Majda [225]. Thoseauthors
continue to developkernelsof 4th and 6th order for 2D and 3D by combining
scalingsfrom lower-order exponential or Gaussiankernels. Hald [185] intro-
ducesseveral in�nite-order cuto� functions. Noneof thesefunctions provide
compact support, a necessaryrequirement for fast methods, such as FMM
[181] or MLC [173]. Ghoniemet al [81] usedthis second-orderGaussiancore

f (r ) =
1
�

e� r 2
f (r; R) =

1
� 3=2R

e� r
R

2
(2.14)

on the vorticit y in a 2D particle method. Nordmark [42] presents an 8th
order cuto� function with compact support. Marshall and Grant [38] use
the secondform above, but state that any of a wide variety of spherically-
symmetric, doubly- di�erentiable function would be acceptable.
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Peskin function

Peskin[233] proposeda sinusoidal-basedfunction that wasusedlater for VIC
[96, 149] and level-set [122] (with " = 4� x) formulations. Tryggvason [96]
still noticedgrid e�ects in the solution, which couldbedueto the rectangular
nature of the three-dimensionalapplication, or to the inherent problems in
grid-based methods. Unverdi and Tryggvason [234] used " = 2� x. The
present work usesthe rectangular 3D Peskin kernel with " = 3� x.

� " (x) =
�

1
2"

�
1 + cos

�
� x
"

��
: jxj � "

0 : jxj > "
(2.15)

Other kernels

Weeand Ghoniem[235] present a remeshing�lter that accounts for viscous
dissipation.

Filter design

A proper �lter must be not only conservative, but shouldbe compact. Strict
positivenesslimits a �lter to secondorder. Allowing a kernel to go negative
lets you create�lters of arbitrary order. The M4' method [231] is third-order
accurate.

It wasshown by Fureby [236] that only �ltering operationswith rotational
symmetry will preserve material frameindi�erence, which is a desirableprop-
erty of a subgrid model. A �ltering of the vorticit y �eld in wavespacecan
provide this sphericalsymmetry (shown by S. S. Wang, Ph. D. thesis,Stan-
ford University Institute for PlasmaResearch Report 710,1977).

Cou•et [22] claims that the grid dissipation in a VIC method is equivalent
to LES-like subgrid-scaledissipation and usesa cuto� �lter in Fourier space
to smooth the aliasing created by rectangular interpolation kernels. The
problem with calculating in Fourier spaceis that only periodic boundary
conditions can be used|no internal boundariescan be present unlessthe
method is modi�ed. The advantage is that the �ltering of high-wavenumber
details is equivalent to subgrid-scaledissipation, or regularization (really).

Bealeand Majda [225] designcorefunctions with arbitrarily-high spatial
order.

Fureby [236] statesthat a true SGSmodel must be frame- and Galilean-
invariant, and thus requirea �lter kernelwith rotational symmetry, but that
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discretizingthe LES equationsonto a �xed grid breaksthe rotational symme-
try and reducesthe relianceon a spherical�lter. Are thesesamearguments
valid for a vortex method?

Several simple rules can be usedin �lter construction, they are presented
frequently in the literature [46, 184]

Filter comparison

Tryggvason[149] comparesChristiansen's[166] 4-point �lter to a moreisotropic
2D �lter basedon the work of Peskin [233], which consistsof a product of
two 1-D cosinefunctions.

Winckelmansintroducesa high order algebraicsmoothing [36] that is of
order equal to Gaussiansmoothing kernels.

Ebiana [237] discussesnumerical �lters for VIC methods, but only studies
2D interpolation, and studiesno spherical�lters.

Mans�eld, et al [238], in his study of particle �lters and their usefulness
for LES, de�nes a standardized�lter size,and doestwo-level �ltering for LES
with particle �lters instead of grid �lters.

2.4.3 Domain decomp osition

All fast velocity evaluation methods group individual elements together to
facilitate faster computation. In addition, many computational methods re-
lated to Lagrangianmethod require quick searchesof nearby elements, such
asdi�usion, or remeshing.In this section,wewill discussthe variousmethods
usedto subdivide the spatial domain in Lagrangianvortex methods.

Regular subdivisions

VIC methodshave traditionally groupedelements (morecorrectly their prop-
erties) onto a rectangular �xed grid. This facilitates solution of the Poisson
equationusinga method basedon FFTs. There is no reasonthat VIC meth-
ods cannot use multigrid solvers for this solution, in which casean octree
domain decomposition method may serve better.

Someauthors �t a conformalgrid to the surfaceof their model and solve
the Poissonequation (or Navier-Stokes,or di�usion equations)on it.
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Hierarc hical subdivisions

FMM and treecode algorithms make extensive useof hierarchical binary or
octreedomain decomposition methods, especially insofar asthe methods are
commonly createdfor parallel computers.

Binary tree A binary tree representation subdivides any group along a
speci�c (and usually axis-aligned)plane into two equal-sizedgroups. A box
representing the initial (parent) group is saved, along with boxes for|and
links to|the two new (child) groups. At the �nest level, each box/group
should contain the samenumber of elements (usually 30-500).

Quad-tree or oct-tree (B-tree, or N-ary tree) An octree di�ers from
the binary tree in the respect that a parent box is subdivided into 8 child
boxes,usually by geometricallybisecting a cubical volume that contains all
of the box's elements. As a result, someof the 8 child boxes may have no
elements at all, and the �nest level of boxes will not have an equivalent
number of elements. In fact, the depth of the tree will vary throughout the
domain, dependingon element density. An advantage of this method is that
neighboring boxescanbedeterminedalgorithmically, sometimesvery quickly
by using a hashtable (Warren and Salmon?).

Box shrinking In both cases,a group's box can be shrunk down to the
minimum bounds necessaryto contain the group's elements. This o�ers
a signi�cant advantage, as the box opening criterion in many FMM and
treecodes depends on the ratio of the box's size to the distance from the
box center to the target. Greater accuracyor faster run times result. This
method was introducedby Clarke and Tutt y [218].

Clarke and Tutt y [218] presents a binary tree that shrinks boxesat each
level, beforesplitting to createthe next level. The samemethod is usedagain
in 2D [239] and extendedto 3D [190, 82].

2.4.4 Vorticit y div ergence

Move this to "particle" section.
Are there two kinds of vorticit y divergence? (initial discretization and

changedue to stretch)
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Generally, a particle representation of a vorticit y �eld is not necessarily
divergence-free[240]. \Relaxation" methods have been devisedto counter
this behavior, and can take one of a number of forms [241, 36, 44]. The re-
laxation method in [36] doesnot conserve energy, helicity, or angular impulse
until a PSE schemefor vorticit y di�usion is added. Marshall and Grant [38]
solve a global matrix equation to reset the particle strengths to recreatea
divergence-freevorticit y �eld.

Marshall and Grant [38] comment on vorticit y divergence(and it seems
that they do not separatethe two sourceof divergence,aslisted above). Any
�eld can be madedivergence-freeby subtracting the gradient of an unknown
scalar�eld. For vorticit y, this unknown scalar�eld may benon-zero,but still
does not enter into the velocity calculations! It would, however, a�ect the
vorticit y evolution equation. Despite that, the authors comparesimulations
identical in every respect save for the addition or omissionof their divergence-
free vorticit y step and determine that the results are nearly identical. The
numerical algorithm with divergent vorticit y (and the one most commonly
used)can be shown to conserve vorticit y divergenceto �rst order in � t.

Vorticit y divergenceis contained in recent calculations,but is nevertheless
present [37]. Nontheless,mathematically, both VIC formulations (vorticit y-
streamfunction and vorticit y-velocity) return divergence-freevelocity �elds
from non-divergence-freevorticit y �elds.

Chatelain and Leonard [55] mention divergenceerror in their particle-
basedredistribution scheme. Their errors are on the order of 1:0e � 2.

2.4.5 Computing deriv ativ es

How doesone do this in a Lagrangian calculation? The PSE schememust
calculate derivatives, Eulerian schemescan use �nite di�erences on a grid.
Eldredge[242] presents a method for deterministic treatment of derivatives
in particle methods.

An additional complexity involves calculating derivatives of a quantit y
on a surface,especially a triangulated surface. Think of the surfacetension
e�ect.

Just as the VIC method usesa temporary grid to determine the 
o w
velocity, someparticle vortex methods usea temporary, superimposedgrid
to perform somecalculations. Marshall and Grant [38] and Liu [39] usea grid
to compute stretch. Others have used grids to compute vorticit y di�usion
[40].
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2.4.6 Generalized Helmholtz decomp osition

The generalizedHelmholtz decomposition (GHD) links the boundary condi-
tions and interior volumeof a 
o w. It contains integrationsover the vorticit y-
containing volume of the 
o w and over the vortex-sheet-strength-containing
boundariesof the 
o w.

� (x )(u(x ) � 
 (x ) � n ) =
! (y ) � r

r 2
d
( y ) +

u(y ) � n (y )
r 2

d�( y ) (2.16)

It is usedin Ingber [243] to solve 2D thermal 
o ws inside enclosures.Refer-
encescan be found therein.

2.4.7 Diagnostics/Conserv ed quan tities

There are a number of 
o w quantities whosevalue should remain constant
throughout the 
o w's evolution. These are often useful indicators of the
accuracyof a simulation and their conservation is equatedwith validation of
a numerical scheme.

The invariants of an inviscid 
o w with no energyinput arethe circulation,
linear impulse, angular impulse, kinetic energy, and helicity. Additionally ,
the volume enclosedby the tracked front should be constant. Many of these

o w invariants can be easily calculated via summations over the vorticit y
�eld accordingto the following relations [65, 35]:
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Alternate expressionsappear in [36].
Enstrophy, " = 1

2
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, is not conserved, but is related to kinetic

energy, E = 1
2
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 u � u d
, is the following way [192].

dE
dt

= � 2� " (2.21)
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Kudela and Regucki [178] show worst-case�nal energy error and total
helicity of 40%and 10� 2 for a 3D inviscid method with very small step sizes.
Cottet [184] also reports errors, but with a 2D viscousmethod. Complete
presentations of theseand other errors appear in Brady et al [87] and Stock
[244]. Thesenumbers are infrequently reported.

A measureof numerical di�usion emergesfrom the relationship between
energyand enstrophy, and is given in [49] as

� ef f ectiv e =
1
2"

dE
dt

(2.22)

2.4.8 Forces on bodies

Several methods exist for computing forceson bodies in vortex 
o ws. The
canonicalmethod considersderivativesof the linear impulse:

F
�

= �
d
dt
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�
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�
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NX

i =1

x i � � i

�
; (2.23)

A method that will return the forcesand moments on individual bodies
from a collection of bodies relies on being able to de�ne control volumes
in the 
uid domain around each body. The lengthy equation, given in [37]
from an earlier paper [245], requiresderivatives of the velocity gradient. A
summary of methods appearsin [246].

45



Chapter 3

The Vorticit y Equation

The curl of the compressibleNavier-Stokes equation (and a more complete
versionof the vorticit y evolution equation) is called the Helmholtz equation,
and is
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which is an expansionof this simpler form
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Introducing the material derivative, and simplifying the viscous di�usion
term for the caseof a Newtonian, incompressible
uid with constant kine-
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matic viscosity (� ), we have the commonvorticit y equations
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which in the absenceof viscosity (Euler limit) and other external forcesbe-
come
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A formulation more amenableto vortex sheetmodeling is the evolution
equation for vortex sheetstrength (eqn. 3.16in [89]).
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The identical formulation for the circulation is asfollows (eqn. 3.15in [89]).
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3.1 Vortex stretc hing

In the basic three-dimensionalvortex particle method, the vortex stretching
term is accounted for by calculating r u at the location of the particle. This
hasbeenshown to createvorticit y �elds that are not solenoidal.Alternativ e
methods have beenproposedto rectify this problem. Cottet [184] providesa
summary of thesemethods.

Knio andGhoniem[72] comparethe transposeschemeto the non-transpose
schemeand �nd that the non-transposeschemeworks better, but that was
causedby the relatively low number of large-coredelements in the simula-
tion. Other simulations done using higher-order smoothing functions [33]
have found the transposeschemeperforming better. Mixed schemescombin-
ing both have beenproposed[72, 184].
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Knio and Ghoniem[86] usetwo di�erent methods to computethe stretch
term. In simulations without a baroclinic sourceterm in the vorticit y equa-
tion, the stretching term is computed basedon the changein length of the
sidesof a rectangular element that are oriented parallel to the vorticit y vec-
tor. When a density interface exists, the r u term is found by analytically
di�erentiating the desingularizedBiot-Savart law.

Alternativ ely, vortex �lament and vortex sheet methods automatically
includes the e�ects of vortex stretching and generatessolenoidal vorticit y
�elds.

3.1.1 Particle discretization

The interaction between local vorticit y vectors and the velocity gradient
causesvorticit y stretch, a term in the three-dimensionalvorticit y evolution
equation. While �lament and sheetmethods intrinsically satisfy this term,
vortex particle methods must apply it to each particle. This calculation can
usea �nite-di�erence approximation (BealeandMajda proof [29] andmethod
[32]), or can be calculated by di�erentiating the regularizedvelocity kernel,
as was �rst proposedby Anderson and Greengard [247], proved by Beale
(transposemethod) [33], and demonstratedby Fishelov [57]. VIC methods
have an intrinsic advantage in that the vortex stretching can be calculated
directly on the temporary Eulerian grid, as shown by many authors, lately
Liu and Doorly [39], but also [38].

Vortex �lament [12, 69, 71] and vortex sticks (early papers by Chorin
[28]) use an element-wise approach to �nd the velocity gradient along the
vorticit y vector. For singular particles, it is shown that the transposescheme
works best numerically [36].

Brecht and Ferrante [202] track connectivity betweenparticles in order to
maintain volume/areaand, thus, implicitly update the particles' strengthsto
account for vortex stretching. Any schemethat maintains connectivity can
do this on an element-by-element basis. Is this for real? In [203] it appears
that they do nothing of the sort.

3.1.2 Filamen t discretization

The change in a �lament's total vorticit y due to vortex stretching is auto-
matically accounted for if the circulation is held constant and the �lament
element is connectedto its neighboring two elements via two commonnodes.
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3.1.3 Sheet discretization

The changein a triangular element's total vorticit y due to vortex stretching
is automatically accounted for if the circulations on the element edgesare
heldconstant and the triangular element is connectedto its neighboring three
elements via three commonnodesand edges.

3.2 Di�usion metho ds

Dissipation is an intrinsically di�erent procedurethan regularization, though
tests [161] have shown that the two behave very similarly in certain cases.
This is becauseregularization in a vortex method limits the magnitudeof the
velocity gradient, which in turn prevents the stretching term from creating
the required new vorticit y. This section will describe di�usion methods, as
regularization and its e�ects are covered in section2.2.1.

Chorin describes the \arti�cial viscosity" imposedby regularization in
[19], and in that work it was imposed to eliminate the singularity in the
vortex sheetdescription.

The needfor somedi�usion model is greatly enhancedby the additional
physicsof three-dimensional
o ws. Vortex stretching can produceextremely
high, intermittent, local vorticit y magnitudes. If a model doesnot regularize
or dissipatetheselargevorticit y gradients, it will produceunphysical results,
or fail to continue altogether.

A viscous di�usion or subgrid dissipation model can take the form of
either a) damping of the geometry of the smallest details in the resolved

o w, or b) damping, reducing,or exchanging the strength of elements.

Two-dimensional
o ws can survive aggressive vorticit y manipulation and
return similar dynamics. 3D 
o ws have no similar 
exibilit y.

Good discussionsof competing methods are found in Shankar [248] and
Gharakhani [93].

A righteously awful method [249] consistsof limiting the maximum vor-
ticit y for each vortex particle basedon the expectedmaximum 
o w vorticit y
for the given Reynoldsnumber.

Lozanoet al [88] includedan arti�cial viscosity term in the vortex strength
evolution equationssimply to smooth the unstable advective terms.

Most schemesfor viscosity in vortex methods usea technique called \op-
erator splitting" [250], which numerically splits the vorticit y update equation
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into separateconvection and di�usion steps.

3.2.1 Random walk

The RandomVortex Method (RVM) wasintroducedby Chorin [250] to study
slightly viscous
o ws. The RVM usesa Wiener processto perturb the motion
of each vortex particle, which simulates di�usion of vorticit y. It is easyto
implement in 
o ws with solid boundaries.Leonard [12] referenceswork that
shows that to achieve accurateresultsof viscousdi�usion, the RVM requires
a large number of particles comparedto the Reynoldsnumber. The method
was proven to converge to the heat equation by Hald [251] and by Puckett
[252].

A random-walk method is usedby Gharakhani and Ghoniem [204, 93].
Savoie, Gagnon, and Mercadier [171] also used the random walk method,
but to compute the starting 
o w behind a two-dimensionalstep. A numer-
ical study of the convergenceof this method in two dimensionsis presented
by Mortazavi [253]. That paper contains referencesto a number of other
studies of RVM's convergence. A two-dimensionalrandom vortex method
is usedby Gagnon [254] to simulate the 
o w over a single back-facing step
and a double symmetrical backward-facing step. Turbulencestatistics and
dominant frequenciesarecomparedto real 
o ws. Abdolhosseini[172] studied
the turbulence statistics in a uniformly sheared
o w with a two-dimensional
VIC method usingRVM. The resultsweren't good. The sametechnique was
usedfor the spatially-growing mixing layer [255]. Other usesappear in [143].

Marshall and Grant [256] construct a di�usion velocity method for ax-
isymmetric 
o ws. Milane [257] usesa di�usion velocity method to compute
LES solutions in a 2D mixing layer.

The problem with RVM is the sameaswith VIC: there is regularization,
but the elements do not changetheir strength. That is the inherent problem
that is solved by PSE, VRM, and other newer methods.

Additionally , the RVM su�ers from low-order non-uniform convergence
due to its stochastic character.

Discussionswith Gharakhani reveal that RVM can introduceunphysical
small-scaleoscillations in the solution.
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3.2.2 Core-spreading techniques

Kuwahara and Takami [20], in an early point-vortex method, used vortex
blobs with spatially-varying cores, the goal of the latter was to simulate
viscousdi�usion. Leonard [12] later usedthe method.

The core-spreadingtechniquederivesfrom the solution to the two-dimensional
Navier-Stokesequationsin vorticit y coordinates for the initial conditions

! (r; 0) = � 0 � (x) � (y): (3.7)

In this case,the Navier-Stokesequationsare simply

@!
@t

= � r 2! : (3.8)

The exact solution for the evolution of the total circulation is

� = � 0 (1 � e� r 2=4� t ) (3.9)

Thus, onecan approximate the decay of a 2D vortex particle or a 3D vortex
�lament by reducingthe e�ective circulation or increasingthe e�ective radius
of the �lament/particle using the solution above.

While this method contains numerical inconsistencies(Peter Bernard's
wording), or that core-spreadingapproximates the wrong equation [258], in
the limit of an in�nite number of particles (Moeleker's wording), thoseprob-
lemscan be correctedby instantaneousrecon�guration of large vortex blobs
to thinner ones[259].

Advantages of the core-spreadingtechnique are summarized in Rossi
[259], primary is their fully-deterministic character, lack of relianceon oper-
ator splitting, and freedomfrom 
o w geometryconsiderations.

A vortex sheetanalogof core-spreadingis demonstratedin Tryggvasonet
al [159], which useda quasi-1Dmethod developed for mixing and combustion
[260, 261] calledLIM. This is alsodescribed in sectionI I I of Beigie,Leonard,
and Wiggins [262].

3.2.3 Hairpin remo val

Hairpin removal is a renormalization processby which small-scaledetail is
removed via a local mesh redistribution algorithm. It was introduced by
Feynman [263] in 1957, and elaborated upon by Leonard [68] and Chorin
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[264, 265], eventually being extended[266] with a renormalizedBiot-Savart
interaction to account for the hairpin removal. Leonard [68] suggeststhat
the bookkeepingwill be troublesome.

Fernandez[187] utilizes a similar method, called \�lamen t surgery," with
a parallel treecodeto study the vortex collapse-reconnectionprocess.There is
alsoa good description of the early development of the method of remeshing
via merging.

This viscous-like schemeis most closelyrelated to the current method of
merging in vort3d.

3.2.4 Particle Strength Exchange (PSE)

Also called \circulation redistribution" methods, theseare deterministic, as
opposedto stochastic, procedures.Thesewereintroducedby several authors,
see[248] for details. Mas-Gallic [267] �rst proposedthis method in 1987.

Degondand Mas-Gallic investigatedi�usion operators for particle meth-
ods in rigorousdetail for isotropic [268] and anisotropic [269] viscosity. This
is the origin of PSE, and theseauthors are commonly credited with its cre-
ation. In this scheme,the di�usion operator (the Laplacian) is approximated
by an integral operator, which is in turn discretizedover particles in the local
area.

A related deterministic method was introduced by Fishelov [270] which
also replacedthe di�usion operator by an integral one, but due to its con-
struction can support higher-ordercuto� functions.

The Particle Strength Exchange(PSE) model [36] is a method to account
for viscousdi�usion in a particle vortex method. It is a correction term to
each particles' vorticit y, and is usually calculated as a separatestep, via
operator splitting. It hasbeenshown to be a weaksolution to Navier-Stokes.
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This equationgoverns the exchangeof vorton strength v ! h, the product
of vorton volume and vorticit y, between neighbors basedon a viscosity � ,
cuto� function � and radius " .

Variable-core-sizedvortex blobscanbeaccommodated in the PSEscheme
by remappingthe variable blobs onto uniform blobs. This is �rst mentioned
in [46], and appearsin [184].
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Cottet [10] remeshesbefore the di�usion stepin order to avoid quadrature
errors.

Eldredge [242] extends the PSE scheme to create a generalmethod for
�nding derivatives in particle methods, including one-sidedderivatives for
usein hyperbolic problems.

Other authors have usedthe PSE schemein their vortex particle compu-
tations [192].

3.2.5 Vorticit y Redistribution Metho d (VRM)

VRM [248] is di�erent from PSEin that it canconservemoments to arbitrarily-
high ordersof accuracy, can �ll holescausedby excessstrain, and doesnot
require remeshingof the particles on to uniform grids to maintain accuracy.
It does this by solving an under-determinedsystem of equationsfor the N
closestparticles within a radius of C

p
� t. The system is assembled by re-

quiring local conservation of circulation and momenta. If a solution is not
achieved, particles are added,and the problem is restated and a solution is
attempted again.

Shankar and van Dommelen[248] proposea related vorticit y redistribu-
tion method that limits the maximum distancethat the circulation of a vortex
can move. It requiressix local vortices for �rst order accuracy, and more for
higher orders. Unlike the schemesof Fishelov [270] and Mas-Gallic [268], this
schemeattains positivit y (no falsereversedvorticit y is ever created). Their
method is slow, though|on the order of the convection calculation.

Both VRM and PSE rely on e�ective search strategiesto identify all par-
ticleswithin a givendistance(say, r ) from a point. Proper spatial subdivision
and useof search treescan cut this down to O(logN ) time per search, where
onesearch must bedonefor each particle. Onepossiblemethod to speedthis
up would be to perform a largesearch for all particles within a r + � radius,
and usethat list for the VRM calculationsfor all particles within a � radius.
Thus, the search is di�erentially larger, but the results of the search can
be reusedfor as many particles exist in the �-radius sphere. Other search
strategiesinvolve organizing the data within each branch of the tree along
its principal axis [271].

VRM is usedin 2D 
o w over a cylinder [239]. Lakkis and Ghoniem[272]
useVRM with variablecoresizesfor combustion simulations of a vortex ring.
A higher-orderVRM is described in Gharakhani [273]. VRM is usedin the
context of LES by Gharakhani [274].
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3.2.6 Free-Lagrangian metho d

Detailed in [275], this method calculatesthe di�usion of a number of vorticies
by constructing a Voronoi diagram and calculating �nite di�erences between
neighboring regions. The method is only weakly �rst order and requires
uniformit y amongthe particle positions.

Seealso [276, 277, 108].

3.2.7 Eulerian form ulations

Instead of complicated particle operators, one could solve for the di�usion
term in the velocity or vorticit y equation explicitly on an overlaid Eulerian
grid (r 2! ). This method may have been�rst usedwithin a 2D VIC method
by Graham [278] An easierreferenceto acquire is Najm [40], 1993. This
method lends itself to VIC methods, and other methods wherethe particles
are reassignedperiodically to a regular grid.

Cheng[177] usesa \di�usion-v ortex" scheme,proposedby Lu and Ross
[279] in 1991,within a 2D VIC solver to solve for 
o w over a circular cylinder.

VIC methods have an intrinsic advantage in that many terms in the
vorticit y equationcan be calculateddirectly on the temporary Eulerian grid,
as shown by many authors, lately Liu and Doorly [39].

Ould-Salihi [11] suggeststhat while 2nd order interpolation operatorsare
adequatefor pureVIC methods, they createunacceptablenumericaldi�usion
when used to explicitly solve for di�usion on a grid, or to be used in vor-
ticit y boundary conditions. A 3rd order interpolant is usedfor the vorticit y
becauseits Laplacian is later calculated by �nite di�erences. Even though
this method is not conservative, the regularity imposedby the regridding
step servesto make the lack of conservation not noticeable. Najm et al [43]
found very much the samething, but earlier, in their FMM calculations for
reacting 
o w modeling. They found that the third-order (but C0 continu-
ous) � 2 interpolation kernel introducedspuriousnoisein the viscoussource
terms (which used3rd order derivatives), and were forced to upgradeto the
smoother W4 kernel [232].

Akbari and Price [200] usea second-orderADI schemefor the di�usion
term and a 2D VIC method for the convection term in their simulations of
an oscillating wing section.
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3.2.8 Other metho ds

Cottet [9] usesa remapped grid, in which certain areashave higher (near
boundaries) or lower (far-�eld wake) grid density, for particle remeshing.
They claim that that this is equivalent to Ghosaland Moin's [280] spatially-
varying LES �lter sizes.

3.3 Large Eddy Simulation (LES)

Just asthe Navier-Stokesequationsin velocity form (1.1-1.3) canbesplit into
grid-resolved and subgrid scales,so, too, can the vorticit y equation. With an
overbar representing a �ltered quantit y, the �ltered vorticit y equation is

D ! i

Dt
= ! � r ui + � r 2! i +

@
@x j

(� ij � � j i ); (3.11)

with
� ij = ! i u j � ! i u j (3.12)

representing the Helmholtz, or vorticit y, stresses.
Somevortex methods, by their construction, exhibit sub�lter-scale dissi-

pation. Most are able to account for it explicitly.
Chorin [266] discussesthe microstructure of vortex �laments. Moeleker

and Leonard [54] introduce a tensor-di�usivit y subgrid-scalemodel for the
incompressiblescalar advection-di�usion equation, but it seemslike all of
the problemsthat prompted that method are addressedby LIM. Cou•et [22]
claims that the grid dissipation in a VIC method is equivalent to LES-like
subgrid-scaledissipation and usesa cuto� �lter in Fourier spaceto smooth
the aliasing createdby rectangular interpolation kernels.

Mans�eld et al[48], proposesa Smagorinsky-equivalent subgrid-scalemodel
for the �ltered vorticit y equations. It shows that if the Helmholtz stresses
are represented as

� ij = � T
@! i

@x j
(3.13)

wherethe eddy di�usivit y � T is

� T = (cT � )2
q

2Sij Sij (3.14)
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and the constant in the eddy di�usivit y equation can be taken ascT = 0:15,
similar in magnitude to the Smagorinskymodel in velocity variables, then
the evolution equation for vorticit y is

D ! i

Dt
= ! � r ui + � r 2! i + � T

 
@! i

@x j @x j
�

@! j

@x i @x j

!

: (3.15)

The authors alsomention the following.

Note that � ij represents subgrid-scalevortex stretching and tilt-
ing due to unresolved motion, while � j i re
ects vortex transport
by subgrid-scalevelocity 
uctuations.

Mans�eld et al[238], proposesa dynamic eddy-di�usivit y LES model in
the vorticit y variables basedon two-level �ltering of the vorticit y �eld and
comparesvortex methods to spectral methods in a simulation of homogenous
isotropic turbulence. The scheme usesan eddy di�usivit y model that, by
construction, createsno sub�lter torque.

More applicableis Cottet [281], which introducesa Lagrangianmethod for
LES consistingof an anisotropic and less-di�usive method. The work lever-
agesthe truncation error normally producedby unremeshedvortex methods.
Using the vorticit y formulation of the Navier-Stokesequations,Cottet et al
[282] describe two new LES formulations, onebasedon the vorticit y angles.
Vortex methods are not used?

Gharakhani [274] presents an application of the vorticit y redistribution
method [248] for large-eddysimulation.

Milane [257] usesa di�usion velocity method to compute LES solutions
in a 2D mixing layer.

A large question remains: how doesone accommodate the subgrid-scale
modeling of a sheet of discontinuity? It is even possible? Lundgren et al
[283] make an interesting observation:

The roll-up of unstable Helmholtz vorticies [has] e�ectively pro-
duceda thicker interface... It is our point of view that by com-
puting with larger [valuesfor Krasny's] � we simulate the e�ect
of averagingover these`turbulent' 
uctuations.
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3.4 Vorticit y creation at walls

If viscosity is present in a 
o w, all solid boundaries are eligible sites for
vorticit y creation.

3.4.1 Euler limit

To support inviscid internal boundaries,onenormally hasto solve a Bound-
ary Element Method solution, with the constraint of zeronormal 
o w through
any solid surface.

Note that the inviscid caseis di�erent that the limit of viscous
o w as
re ! 1 , or the Euler limit . In the Euler limit, no-slip is still imposedon
a solid surface,and a boundary layer of thickness� ! 0 is formed on the
surface.Wu [197] says that the jump acrossthis thin vortex sheetis di�erent
than the jump acrossthe solid surface.

Theseinternal boundariescan be madeinviscid. Even so, it is still possi-
ble to introducevortex sheddingo� sharp edgesvia a thin layer of vorticit y.
This mimics viscoussheddingat high Re. Boundaries in inviscid 
o ws do
not normally create vorticit y in a 
o w. The 
o w slips perfectly over the
boundary.

The method of imagesis an inviscid method for boundary treatment, but
only works for 
at or sphericalboundaries. It is usedfor calculation of �eld
velocities, not for determining the strength of the shedvorticit y.

Scorpio[284] usedFMM, but only to acceleratea BEM calculation, and
not for a vortex method. He did do it for a free-surfaceproblem, though.

An additional concern is the pseudo-viscousapproximation of creating
layersof vorticit y whereseparationand sheddingwould take place(to satisfy
the Kutta condition at trailing edges). Leonard [12] referencesthree works
that addressthis. In addition, extensive discussionappearsin [196, 184].

Freevortex �laments are shedfrom propeller bladesin Politis [83].

3.4.2 Viscous

The treatment of viscousboundariesin a vortex method is done either by
de�ning, at the boundary, specialsheetsor tiles of vorticit y which stay at the
boundary and di�use their vorticit y to freeelements, or by directly shedding
their createdvorticit y on to the free elements (usually particles).
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Lighthill [285] introducedthe \v orticit y sourcestrength," or later called
the \b oundary vorticit y 
ux," per unit time and areaas the product of the
kinematic viscosity the the normal derivative of the vorticit y: � (@! =@n ).
Applying the tangential component of the Navier-Stokes equations to the
rigid wall, onecan seethat this 
ux alsoequals(1=� )(@p=@x).

Chorin [250] introducesa method for creatingvorticit y at boundariesand
proposesa split schemefor handling boundariesand di�usion together in a
vortex method. The choice of placement of the initial di�usion of vorticit y
away from a wall was also studied. Leonard may have beenthe �rst to use
vortex sheetsto represent boundary layers [286], these layers separateto
form free vortex �laments in the wake. Chorin [142] was also the �rst to
proposeusing vortex sheetsto represent the boundary layer, this leverages
the boundary layer approximation that tangential derivativesare of smaller
order than normal derivatives. These vortex sheetsare generatedand a
randomcomponent addedto their motion to simulate viscosity [28]. Fishelov
[57] combined that with a purely Lagrangianmethod for solving for velocity
gradients in order to solve for the 
o w over a 
at plate.

Fishelov [57] usesa vortex particle method to solve for the 
o w over a

at plate using the vorticit y form of the Prandtl equationsfor a thin layer
0 � z � z0 (the tile model, usingsheets),and of the Navier-Stokesequations
outside of that (the random-vortex method).

A simple method of adding vorticit y due to ground interferenceinto an
axially-symmetric 
o w is given in [283].

Alternativ ely, a viscousboundary will createvorticit y at its surfaceand
releaseit into the 
o w. Methods must be created to allow the creation of
vorticit y of proper strength and position at each time step. A regarded
implementation for viscousboundary conditions is from Koumoutsakoset al
[287]. A good summary of methods createdto solve this problem appearsin
[93].

Bernard [91] adapted Fishelov's schemefor boundary layer 
o ws to use
a vortex sheet method. Bernard [92, 144] usesa combined sheet/�lament
method to discretizethe vorticit y in his wall-bounded
o w simulations. Many
authors usediscretizedbound vortex sheetelements in the computation of
2D and 3D boundary-layer 
o ws to track vorticit y di�usion into the 
uid
[91, 92, 93].

Winckelmans[44] proposesa method for this. An entire chapter in Cottet
& Koumoutsakos [184] is dedicated to the treatment of viscousboundaries
in vortex methods.
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Szumbarski and Wald [288] found a way to eliminate non-physical pres-
sure �elds which imposesadditional constraints for vorticit y production at
the boundary.

Buron and P�erault [289] present a vortex method that is basedon a �xed
grid of triangular prisms, it usesa traditional BEM to solve for doublet
strength.

Flexible immersedboundaries in a two-dimensional
uid are addressed
by Cortez [129] via impulse blobs.

Ploumhansand Winckelmans[53] alsocorrectsthe PSE in the vicinit y of
a boundary to avoid spuriousvorticit y 
ux during the convection/PSE step
(2D).

Ploumhans[37] modi�ed the PSE schemefor di�usion in the presenceof
solid boundaries(3D).

Ould-Salihi et al [11] describes a viscoussplitting algorithm (seerefer-
ences)to solve for the viscosity boundary condition which involves two ap-
plications of the PSE scheme.

3.5 Baro clinic generation

A pure vortex sheet is a special classof interface that exhibits no surface
tension or baroclinic sourceterms, and, thus, maintains a constant vortex
sheetstrength over its entire surface. That restriction is broken here, too,
by the inclusion of theseterms.

The portion of the vorticit y evolution equation 3.1 relevant to baroclinic
generationdue to density variation or shock passageis

D!
Dt

=
1
� 2

(r � � r p) � ! (r � u ); (3.16)

or, without the pressurevariable [290]:

D!
Dt

=
1
�

�
r � �

�
�

Du
Dt

+ g
� �

� ! (r � u ); (3.17)

and for incompressible
o w, assigningA = � 2 � � 1
� 2+ � 1

, we have

D

Dt

= 2A n �
� Du

Dt
� g

�
: (3.18)
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In this section, mixing will be ignored. All fronts shall represent pure,
immiscible interfaces.

Extensive formulations for interfacial vorticit y dynamicsare given by Wu
[197]. In particular, Lugt (ref 11,12 in Wu) noticed that the surfacevor-
ticit y does not provide information about the rate of boundary vorticit y

ux. Wu statesthat for Re � 1, solid-wall boundary vorticit y and vorticit y

uxes of O (Re1=2) and O (1) must appear, but that for interfacial 
uid-
uid
boundaries,thesereduceto O (1) and O (Re� 1=2), respectively. This is why
potential-
o w theory for water wavesworks well.

Multi
uid research is commonoutside the �eld of vortex methods.
The problem of density strati�cation solved by a vortex sheetis remark-

ably similar to that of the Sa�man-Taylor instabilit y in Hele-Shaw cell 
o w
de�ned by a viscosity discontinuity (instead of the Atwood ratio-de�ned
density discontinuity), with the exception being the absenceof an integro-
di�erential equation. In this case,the Atwood number is replacedby the
mobilit y ratio, and standard VIC methods can produce results [291, 292].
This was �rst pointed out by de Jong [293] in 1960,and �rst simulated by
Mengand Thomson[56] in 1978. Tryggvasonand Aref [291, 294] useda VIC
formulation to simulate the 
o w for arbitrarily-large valuesof the viscosity
\A twood ratio". Another presentation of theseformulas is in Hou [295].

A particularly interestingaspect of computational sheetmethodsfor 
o ws
with 
uid discontinuities is the motion of the sheetmarkers. Zu�ria [296],
and initially Baker et al [297], points out that the marker motion can follow
the upper 
uid, the lower 
uid, or any value in between. The choiceof this
parametera�ects the form of the vorticit y evolution equation. Pozrikidis [89]
usesthis parameter for the 3D equations.

The mathematics of vector calculus on a surfaceis summarizedin Wu
[197], (Appendix A).

3.5.1 Weak strati�cation

The kinematic equationsfor the vortex sheetstrength �rst appear (where?).
Weakly strati�ed 
o ws are thosein which the full equationsof vorticit y gen-
eration are modi�ed by the Boussinesqapproximation, that g ! 1 and
A ! 0, but Ag remains �nite. This can also be described as assumingthat
the pressurecan be treated to only �rst order (r p = � 0 g + O( r �

p0
) [203].

First introduced in VIC formulations by Meng and Thomson [56] for the
simulation of a buoyant cylinder and gravit y current, and alsousedby Meng
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[298] in a strange fashion. The sameformulation was used for the Taylor-
Sa�man instabilit y of 
o w through a porousmedium (a problem frequently
appearing in the literature [293]). Anderson[299] usesa direct method with
exponential core functions to computea 2D thermal.

Simulations of a vortex ring impinging on a density interface appear in
Dahm, Scheil and Tryggvason[300], and even thought the Atwood number
is small, there are somesigni�cant dynamical di�erences in the results when
the circulation density changes. This is due to the tests having di�erent
Froude numbers (ratio of hydrodynamic to hydrostatic pressuregradients).

3.5.2 Strong strati�cation

Solution of a free-surfaceproblem (the extremeexampleof strong strati�ca-
tion, but including essential featuresof all strong strati�cation methods) in
the Lagrangian senserequiressimultaneously solving for the position of the
free surfaceand the dipole (vortex) or sourcestrengths. The choice of the
surfaceelement type and the boundary condition required(Dirichlet or Neu-
mann) determineswhether the problem to be solved is a Fredholm integral
equation of the �rst or secondkind. SeeWu [197] for a discussionof these
types of boundary conditions for wall and free surface
o ws. SeeBaker et
al [297] for the classi�cation of Fredholm equations. The boundary integral
equationthat usesvortex sheetstrength asthe unknown andsatis�es the tan-
gential no-slip condition is a Fredholm equationof the secondkind, and that
there is a globally convergent Neumann series,thus an iterativ e solver will
be e�ective. On the other hand, a BIE which usesthe normal 
ux condition
on the boundary (and vortex strength distributions) is a Fredholm equation
of the �rst kind, and can lead to ill-conditioned systemsof equations[184].

An alternative to using boundary element methods (I think) is to solve
the Poissonequationon a grid allowing for discontinuities in �eld properties.
This is similar to what is described in the sectionon 
o w aroundsolid bound-
aries. Deng et al [211] describe a method for solving 3D elliptical equations
with immersedinterfaces.

Theseareall boundary integral methods, similar to thoserequiredfor the
solution of 
o w over solid objects.

At high Froude number, the free surfacedoesnot deform at all, though,
owing to viscosity, it may support slip 
o w.

Early solutionsto this equationweredoneby matrix-inversiontechniques
[301], but Baker [100, 297] and Tryggvason[291, 96] usediterativ e methods.
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I am uncertain of the method usedin Pullin [302].
The equations for vortex sheet strength in 2D [303, 96, 296, 304], for

dipole strength in 2D [303], and vortex strength in 3D [197, 88, 89] involve
an accelerationterm that is not requiredin the Boussinesqapproximation for
weakly-strati�ed 
uids. This accelerationterm makesthe problem fully dy-
namical, and requiresapproximation and discretization in the time domain.
This is most often donewith a �rst-order backward di�erence. Note that the
evolution equation for dipole strength includesonly �rst order derivativeson
the surface,which is why it is favored by Baker [297].

Zaroodny and Greenberg [305] seemlike the �rst foray into modeling
a free surface (and the bottom boundary) as 2D vortex sheets. A direct
Biot-Savart integration method is usedto solve, and the wave is not allowed
to break. Periodic, inviscid, irrotational, incompressible,and non-breaking
wavesare simulated.

Later, Zalosh[21] calculatedvortex sheetmotion in two dimensionswith
surfacetension and arbitrary strati�cation. This used a direct summation
approach, but did not model the bottom boundary.

Longuet-Higginsand Cokelet [301, 306] computedthe motion of breaking
waves,but forced the wave by using an asymmetric pressure�eld.

Direct simulations were performedby Baker et al [100] on the Rayleigh-
Taylor instabilit y using 2D vortex sheetswith arbitrary strati�cation. The
method requires iterativ e solution for the 
uid acceleration. This solution
is equatedto a boundary integral method using dipole sourcedistributions
[297]. This is becausethe sheetstrength is related to the arclengthderivative
of the dipole strength.

Baker [297] usesa 4th-order polynomial extrapolation techniquethat uses
data from four previoustime steps,but other authors [303] show that a 2nd
order R-K method is su�cien t.

Pullin [302] solvedfor the motion of K-H andR-T instabilit y with a vortex
sheetwith and without surfacetension. The formulas are complex.

Tryggvasonand Aref introducedan iteration method to solve these
o ws
in [291] and later in [96].

Zu�ria [296] usesa unique method to solve the vorticit y evolution equa-
tion. Upon recognition that the A = 0 caseinvolves shock-like behavior of
the vortex sheet strength, a Gudonov-scheme is applied in the equations,
instead of a standard centered di�erence operator. The stabilizing e�ect al-
lows a sharpvortex strength jump to be maintained|a critical featureof the
inviscid free-surfaceRayleigh-Taylor instabilit y. This method is 1st order in
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time and space.
Kerr [303] notesthat the error found running their own RTI at variable A

was causedexclusively by the centered di�erence. They instead usea cubic
spline to calculate the derivativeson the surface.

Brecht and Ferrante [202] use a 3D VIC particle method with strong
strati�cation, but the equationsfor vorticit y evolution appear di�erent than
thosereported above|they do not solve a Fredholm equation of the second
kind. The riseof oneand two bubblesat 0:5 < A < 1:0 is computedusingthis
method. Their later work [203] presents equations for strong strati�cation
that replacethe Boussinesqapproximation term as follows:

r �
� 0

� g ! r (ln � ) �
�

g �
du
dt

�
dV = jn j ln (

� 2

� 1
) n̂ i �

�
g �

du i

dt

�
: (3.19)

The authors had to evaluate of the area jn j and normal n̂ i from a spatial
distribution of unremeshedparticles|a procedurethat losesaccuracyasthe
particles separateand wind up around each other.

Simulations of a 2D vortex ring impinging on a density interface appear
in Dahm, Scheil and Tryggvason [300] with both strong and weak density
jumps and in [307] for both density jumps and free surfaces(and tentativ ely
in 3D).

A two-dimensionalvortex method is used by Chen and Vorus [308] to
solve for the motion of a free surfacewith a submergedcircular cylinder.

Baroclinic generationof vorticit y is done in a three-dimensionalvortex
sheetmethod by Knio and Ghoniem[86] with rectangulartransport elements
containing descriptionsof the density jump. The simulations wereperformed
for small Richardsonnumbers.

Ri =
g � � � l
� 0 U2

(3.20)

In such cases,
uid accelerationis much higher than gravitational accelera-
tion, and the baroclinic sourceterm doesnot contain g, and as such can be
written in terms of the 
uid accelerationonly. A �rst-order backward �nite
di�erence method is usedto determine the accelerationsin this work. The
work performssimulations on a 
o w with density ratio 2, and alsomentions
that the method was createdfor 
o ws with zeroFroude number.

F r 2
1 = F r2 =

u2

gL
(3.21)
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Rood [309] explains the procedure by which vortex lines reorganizeto
becomenormal to a free surface.

Dommermuth [310] studies spurious high-frequencyerrors in numerical
simulations of free-surface
o ws.

Changet al [119] useda level set method in 2D to computethe motion of
interfacestracking large density jumps. The solution method is pure Euler,
though.

Zhang and Ghoniem[311] usea vortex method to compute large density
discontinuities in the axisymmetric case.

Scorpio[284] usedFMM to acceleratea BEM calculation for a free-surface
problem, but not a vortex method.

Lozanoet al [88] usesa desingularizedBiot-Savart integration to solve for
strongstrati�cation acrossa vortex sheet. It alsocomputesthe derivativeson
the sheetusinglocal coordinates,and alsoemploys a split forward integration
scheme.

Haroldsenand Meiron [58] usesa desingularizedBiot-Savart integration
to solve the motion of a vortex sheet de�ning a free surface in a doubly-
periodic domain in 3D.

A 2D vortex sheet method is used by Reinaud et al [207] to simulate
a variable-density mixing layer. It is interesting becauseof the absenceof
gravit y in the simulation|all baroclinic e�ects are produced by the local
acceleration,which is calculated using �rst and second-orderbackward dif-
ferenceschemes.

Kotelnikov and Zabusky [137] track particles with circulation in their
simulation of a 2D twice-acceleratedsine wave, but in an incompressible
sense.

Hou et al [312] study boundary integral methods in 2D for all sorts of
problems: strong strati�cation, surface tension, and Hele-Shaw 
o w. An
Eulerian method is usedby Ye et al [214] for bubble dynamics.

Young [313] proposesa method to useLES and a level-set approach to
model the interaction of turbulence and a free surface. Simulations of the
free-surface2D Rayleigh-Taylor instabilit y are presented.

Albuquerque and Cottet [223] present a method that couples a �nite
di�erence and integral formulas to create an iterativ e method for solving
free-surfaceproblemsin 2D. Songand Sirviente proposea FD method for 2D
breakingwaves[314]. L•orstad,et al [315] comparevolume-of-
uid (VOF) and
immersedboundary (IB) methods, both relying on Eulerian Navier-Stokes
solvers, for multi
uid 
o ws. Esmaeeliand Tryggvason [316] demonstratea
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3D front-tracking method for multi-
uid 
o w with phasechange. A-Rawahi
and Tryggvason[317] demonstratea 3D front-tracking method for dendritic
solidi�cation. Wang and Khoo [106] usea BEM to determine the motion of
an multi-
uid interface for simulations of bubblesunderwater. De Sousaet
al [318] usean Eulerian N-S solver with a front-tracking method to compute
multi-
uid 
o ws in 3D. Baker and Beale [221] computesthe 2D motion of
an interface in strongly-strati�ed 
o w with a vortex blob method. Shenand
Evans [319] present an Eulerian velocity-vorticit y method for free-surface
and density-strati�ed 
o w in 2.5D (an elliptic equation is only solved in the
horizontal directions).

3.6 Surface tension

The Weber number revealsthe importance of surfacetension in a 
uid sys-
tem. The coe�cien t on the surfacetension term in the vorticit y evolution
equation is We� 1.

Zalosh introducedsurfacetension to the calculation of vortex sheetmo-
tion in two dimensionsin 1976[21]. Traditional approachesintroducestabil-
it y constraints that \sti�en" the systemof equations,especially where grid
points or Lagrangianpoints are irregularly-spaced.

An advantage of level-set methods [115] is that the curvature and nor-
mal can be calculated on the grid, allowing for smoother interpolation of
curvature than a C1 continuous sheet(piecewise
at triangulated mesh)al-
lows. This sameadvantage can be achieved in hybrid Eulerian- Lagrangian
schemes,wherethe element-wise scalargradient is interpolated onto the grid.
(As we do.) After the indicator function hasbeencreated,onecan compute
the surfacenormal from the gradient of the indicator function. Likewise,the
curvature is the negative divergenceof the normalizedsurfacenormal �eld.

Several works [197, 88, 89, 304] present the formulasof motion for periodic
vortex sheetsbetween
uids of di�erent densitieswith surfacetension. Hou,
Lowengrub and Shelley present accurate calculations of a periodic vortex
sheetin two dimensionswith surfacetension,andwith [295] andwithout [320]
density jump. This also referencesearlier works where numerical problems
with surfacetension were identi�ed.

Lozanoet al [88] mentions that inclusion of surfacetensionhad no e�ect
on the simulations, the reasonbeing that the Weber number was O(105)
while other terms were O(1).
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TorresandBrackbill [104] introducethe point-set method for front-tracking
without connectivity. Simulations and formulas for droplet oscillation are in-
cluded. It is noted that in the 3D case,surfacearea is the least accurate
calculation, making this method inappropriate for vortex sheetcalculations
(where vorticit y is directly related to element area). The work doesaddress
parasitic currents that are formed by application of surface tension forces
from an interface to a grid. An improvement to the basic projection tech-
nique is presented, but requiresthree Poissonsolutions.

Hou et al [312] study boundary integral methods in 2D for all sorts of
problems: strong strati�cation, surfacetension, and Hele-Shaw 
o w.

Young [313] also talks about the problem with applying surfacetension
forcesin a level-set method and proposesapplying them on the surfaceele-
ments themselves.

There exists an element-wise method for conservative 3D surface ten-
sion on triangle meshes[101, 105]. It was also used in the context of 2D
unstructured-grid �nite element calculations[321].

Nitsche and Steen[304] present a method for axisymmetric vortex sheets
with surfacetension.

Popinet and Zaleski [322] present a front-tracking method for surface
tension, but in 2D, and in an Eulerian sense.

De Sousaet al [318] describe a method for computing surface tension
from triangle meshdata basedon �tting a plane and a sphereto the mesh.

Brecht and Ferrante [203] suggestthat a sidee�ect of the VIC method is
that the grid �lter introducesa kind of surfacetension into the motion of an
interface.

3.7 Particle-laden 
o ws

Vortex methods were �rst used to calculate particle dispersion in 1985 by
Crowe, et al (Particle Sci. Technol 3, 149, 1985) and 1988 by Chung and
Troutt [323], (summary in Crowe, et al [324]). Thesemethods assumedno
collisions and one-way coupling (the 
o w a�ects the particles, but not the
reverse.)

Chen and Marshall [13] use FMM and random-walk method in 2D to
compute particle-laden 
o w with 2-way-coupling. In this method, the par-
ticles provide a correction to the vorticit y transport equation. Though the
authors apply this on a particle-wisebasisin the FMM calculation, there is
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no reasonthat it cannot be applied on a grid in a VIC calculation. Walther
and Koumoutsakos [226] useVIC and PSE in 3D to include large number of
solid particles into the 
o w with 2-way coupling.

Another method for this (and they may be related) is to use impulse
vector blobs in addition to vortex blobs [129].

Esmaeeliand Tryggvason[325] provide a method for DNS of deformable
particles and Hu [326] contains a summaryof methods usedfor 
uid-particle

o ws. Wallner and Meiburg [327] present a method for two-way particle-
laden 
o ws in 2D using a ! - approach.

Squires and Eaton [328] discover via DNS that particles preferentially
concentrate in areasof low vorticit y and high strain rate, thus possibly in-
validating studiesof particle-laden 
o w using uncoupledmethods.

3.8 Rotating frame

If the frame of referenceis undergoinga rotation at a constant rate 
 , then
the vorticit y equation can be rewritten in the new frame with addition of
two terms. If the total velocity can be written as

u = v + 
 � r (3.22)

then the vorticit y equation contains the new terms

f r otation = � 
 � (
 � r )
| {z }

centr if ugal f or ce

� 2(
 � v)
| {z }
Cor iol isf orce

: (3.23)

@!
@t

= r � f e; (3.24)

wherev is the 
uid velocity in the rotating frame, 
 is the rotational velocity,
and r is a vector from the axis of rotation to the point of evaluation. Note
also that

� 
 � (
 � r ) = 
 2R (3.25)

where R is the component of the position vector perpendicular to the axis
of rotation. SeePope [329], x2.9, for more information.

Kiya and Arie [330] study the Kelvin-Helmholtz instabilit y of a vortex
sheetin uniform shear. There are few other vortex sheetcalculationsrelated
to rotating 
o ws.

Baey et al [331] perform an Eulerian calculation for potential vorticit y in
a planet's atmosphere.
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3.9 Transp ort Elemen ts/Scalar Transp ort Equa-
tion

In this section, we present work on vortex methods that incorporate either
co-located sourceelements for combustion/compressibility calculations, or
storeother important information on the computational sheet,such asscalar
gradients, scalarmoments, etc.

The decisionto follow this coursewas driven by the desire to solve the
vorticit y transport equation along with the scalar transport equation. In
many situations, the vorticit y is co-located with the scalargradients.

The choice to co-locate scalar gradient elements with vortex elements is
trivial for casesinvolving two immiscible 
uids, but remainslogical for 
uids
systemswhereviscosity is equivalent to (whatever parameter is usedin the
scalar convection-di�usion equation in front of the di�usion operator), or
when Sc � 1.

Peters [332] claims that turbulent mixing is dominated by quasi-one-
dimensionaldi�usion layers. This providesmotivation for the study of sheets
in turbulent mixing 
o ws.

3.9.1 Fron t-T racking

Front-tracking in its purest sense(that of adding the computational degree
of freedom of the location of a sheet to an Euler solver) was used on the
Rayleigh-Taylor in 2D problem by Glimm et al [333] and extendedto 3D in
1995(Glimm others, report SUNYSB-AMS-95-17,1995,\Three dimensional
front tracking") and 1998 [102, 103]. Unverdi and Tryggvason use front-
tracking for a Navier-Stokes solution to rising viscousbubbles with surface
tension[234]. Apparently, they achieve excellent massconservation with this
method.

Front-tracking methodscancomputenormalsandcurvatureseither element-
by-element, or by reconstructingan indicator function and using grid calcu-
lations (as discussedbelow).

Front-tracking doesnot imply regularization. As proposedby numerous
authors, front-tracking is usedalongwith methodsfor interpolating functions
acrossdiscontinuities [103] in order to solve problemswith dynamic disconti-
nuities in an Eulerian method. So, the next time step is computedusing the
valueson the grid, with the equationsmodi�ed somewhatby the presenceof
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the interface. Vortex methods, on the other hand, solve for the systemstate
at subsequent times using only the location and strength of the interface.
Thus, either a singular integration must be performed over the surface,or
regularization must occur.

Front-tracking in 3D sharestechniqueswith automatic 2D triangle mesh-
ing methods for �nite-di�erence or �nite-element codes[321].

3.9.2 Scalar �eld de�nition and reconstruction

As it is computationally more tractable in high-Reynoldsnumber 
o ws to
discretize gradients of scalar instead of quantities of scalar, a method to
track and recreate the scalar �eld must be employed. This is nearly the
sameproblem that vortex methods solve, though a scalar �eld would need
to have its gradient be discretized instead. A sampleof this procedure is
laid out in Ghoniem et al [81]. While Ghoniem et al [81] relied on assign-
ing vector-valued(temperature) gradients to particles (with no inter-element
connectivity) with a method called the \transp ort element method", later
e�orts by Dahm and Tryggvason[260, 261] neededonly assignscalar-valued
gradients to segment elements becauseconnectedsegments automatically de-
�ne a direction.

Recreating the scalar �eld from a collection of Lagrangian gradient ele-
ments can be done using any of the methods mentioned in the section on
velocity calculation (section 2). Thesecan involve direct integration of the
gradient distribution [299, 81], solution of a Laplaceequationon a grid [234],
or solving the scalar equivalent of the Biot-Savart equation [72]. This last
referencecontains a thorough description of the math involved.

Knio and Ghoniem [85] track the concentration of two scalarson their
Lagrangiansurface:oxidizer and fuel concentrations.

3.9.3 Transp ort element metho d

Ghoniem et al [81] introduce a \transp ort element method" to update the
scalar gradients on Lagrangian elements, thus preventing the need for nu-
merical integration of the scalargradient transport equation. This method is
usedin derivative works [72, 86, 85] on rectangularelements in 3D. Ghoniem
and Knio [334] usethe TEM to computecombustion acrossa doubly-periodic
shear layer. Zhang and Ghoniem [311] applied this method in an axisym-
metric caseto study the rise of a buoyant cloud. A 2D vortex sheetmethod
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is used by Reinaud et al [207] to simulate a variable-density mixing layer,
though it uses73 isopycnic lines to represent the layer (and recognizesthat
no remeshingcanbe donenormal to the lines). Ghoniemet al [81] even adds
a core-spreadingthird fractional step to account for di�usion of temperature
gradient.

3.9.4 Lo cal In tegral Momen t (LIM)

Described in Tryggvasonand Dahm [260] and Dahm [335], this method con-
sists of tracking and solving the quasi-1-dimensionaldi�usion equation on
convecting surfacesin turbulent 
o ws. Examplesuse LIM to track mixing
and combustion [261], and vorticit y di�usion [159].

And alsoby Han [336] in referenceto the sameLIM technology.
A 1-D representation of LIM is described in sectionI I I of Beigie,Leonard,

and Wiggins [262].
Both LIM and the transport element method are basicextensionsof \ac-

tive interface" problems,asde�ned by Aref and Tryggvason[292]. They each
attach di�erent parametersto the Lagrangian elements, each of which then
feedsback into the dynamicsof the 
o w and the interface itself.

3.9.5 Level Set

The level set method describes a schemefor de�ning a front within a grid,
where the front has smooth surface properties. The level set is a scalar-
valued \indicator function" and delineatesvolumesof each 
uid. The level
set is advected,not the explicit front, and correctedat each step to sharpen
its interface. This is an example of a \fron t capturing" technique, which
is di�erent from a \fron t tracking" technique in that the latter maintains
an explicit representation of the interface. Level sets are amenableto grid
solvers,hencetheir popularity.

After the indicator function hasbeencreated,onecancomputethe surface
normal from the gradient of the indicator function. Likewise,the curvature
is the negative divergenceof the normalizedsurfacenormal �eld.

Only recently [124] have level set methods been used to track material
quantities on propagatinginterfaces.This is the �rst step in their useastrue
transport elements.
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3.9.6 Com bustion

GhoniemandKnio [337] usea two-dimensionalvortex-particle core-spreading
method with transport elements to study shear
o w-combustion interactions
with single-step,Arrhenius kinetics. The actual methods is described in [81].
Chang et al [261] used locally 1D self-similar shape functions to simulate
mixing and combustion on a Kelvin- Helmholtz instabilit y in 2D. Knio and
Ghoniem[85] compute the chemically-reactingshearlayer under the limita-
tion of in�nite-rate kinetics and in�nitely-small heat release.Combustion is
treated in two dimensionalvortex simulations by SoteriouandGhoniem[338],
who usethe transport element method and a volumetric expansionterm to
model exothermic combustion for �nite and in�nite-rate kinetics. Najm et
al [43] use a combined Lagrangian-Eulerianmethod for reacting 
o w with
compressibility e�ects. Lakkis and Ghoniem[272] develop a particle method
for calculating radiative transport in a non-scattering medium|an e�ect
that is present in many combustion experiments. Later, thosesameauthors
presented an axisymmetric grid-free combustion vortex method [339].

3.9.7 Fractal represen tation

In under-resolvedsimulations usingexplicit front-tracking methods, the sub�lter-
scalecomplexity of the true interfacemust be accounted for.

Jim�enezand Martel [340] studies the fractal dimensionof a 2-D mixing
layer.

Chorin [78] usesa vortex �lament simulation to estimate the Hausdor�
dimensionof vorticit y in developed turbulence.

3.10 Compressibilit y E�ects

Many of the assumptionsused in this report becomeinaccurate when de-
scribing 
o w in the compressibleregime (generally taken to be M � 0:3).
The Lagrangiantechniquesthat we have employed, though, areno lessvalid.
In addition to requiring a full description of the vorticit y �eld, a compress-
ible vortex method also needsto describe the dilatation �eld. Dilatation
can be causedby processesin incompressible
o ws such as low-heat-release
combustion.

Mas-Gallicet al [341] present a 2D method that usesLagrangianparticles
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to solve the convection equationsfor vorticit y and density while using �nite-
di�erence schemesfor the remaining equations.

Glimm et al [102, 103] hasusedfront-tracking techniquesalongwith tra-
ditional grid-basedsolvers to track shocks and compute compressible
o ws.
Theseare not vortex methods, though.

Najm et al [43] also use a combined Lagrangian-Eulerian method for
reacting and compressible
o w. Gharakhani and Ghoniem[342] computethe

o w in a combustion chamber bound by a moving cylinder by applying a
uniform source�eld over the volume, which is a precursor to full grid-free
compressiblesimulations. Axisymmetric grid-free combustion was achieved
by Lakkis and Ghoniem[339].

3.10.1 Aero dynamic Sound

Very slightly compressible
o ws allow the splitting of the compressiblepart
of the equations from the Navier-Stokes part. Then, Lighthill's acoustic
pressureequation can be usedto producea di�erential equation in time for
the pressure�eld at a point in the irrotational far-�eld. This is shown in
Pothou [74], who usesa vortex �lament method to predict the acoustic�eld
resulting from the impact of two vortex rings.

3.10.2 Co-lo cation with source particles

Looking at the Helmholtz decomposition, this seemsreasonable.
This was mentioned in someGhoniempaper, I thought.
Eldredge et al, in [343, 344], present a dilating particle vortex method,

whereby particles carry vorticit y, dilatation, enthalpy, entropy, and density.
Simulations in two dimensionsare presented.

Particles in Nitsche and Strickland [345] carry vorticit y, divergence,tem-
perature, and density.

Thirifa y and Winckelmans[346] useparticles that carry vorticit y, temper-
ature, density, and speciesdensity in their simulation of a reacting di�usion

ame in 2D.
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Chapter 4

Sample Simulations

Vortex methods have beenused to study a great many canonical 
uid dy-
namicsproblems. In addition to referencesto those,we shall mention many
studies of 
uid phenomenawhich have not had vortex methods applied to
them.

4.1 Free-b oundary , homogenous 
o ws

The most basictest of a vortex method is the Perlman test [63], which de�nes
a tight vortex spot, and is a commontest of 2D vortex codes[41, 109]. Similar
are simulations of elliptical vortex patches [347]. In this category are also
simulations of more than onecircular vortex patch [156] and many others.

A singleshearlayer simulated in two dimensionswas the �rst and most
popular early test of vortex methods [16, 348, 150, 349, 98]. It is known that
the most unstablemode in this, the Kelvin-Helmholtz roll-up is at � = 13:2�
[350, 81]. Its stabilit y has been addressed[151], and desingularizationhas
beenproposed[26]. Shearlayerswith a Gaussiandistribution acrossthe layer
are a favorite of Ghoniem [81] and others. A two-dimensionalshearlayer is
analyzedwith a three-dimensionalmethod in [89, 244]. Vortex methods are
comparedto Eulerian methods in [159]. The Kelvin-Helmholtz roll-up is also
a popular test problem for Eulerian methods [141].

Its analoguein three dimensionsis the doubly-periodic shearlayer, which
haslikewisebeenusedto study 
o w [159, 118, 89, 244], entrainment [72, 86],
and combustion [334]. Experimental results are presented for the formation
of streamwisevortices[351] and the growth of largescalesin the planemixing
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layer [352], and computational resultsare presented for secondaryinstabilit y
[353], transition to turbulence [354] and spanwisescaleselection[355].

Putting two shear layers of opposite-signedvorticit y together makes a
more accuraterepresentation of a plane mixing layer [18, 66], also 2-D. The
simulation of two sheetsof opposite-signedvorticit y generatesthe families
of K�arm�an vortex streets. Tracking this instabilit y from an initially 
at
splitter plate createsa space-developingmixing layer [356] (2-D, alsostudied
turbulent 
uctuations in the mixing layer) and [255] (2D VIC, also includes
turbulence statistics in the mixing layer).

Another related simulation hastwo sinusoidally-perturbed shearlayersof
similar-signedvorticit y spacedevenly in a doubly-periodic area (2D). This
problem hasbeentackled by Eulerian ! - schemes[141, 357]. Test casesfor
three dimensionalvortex methods are listed in [69], x3, and include Stuart's
family of periodic shearlayers [358].

A shearlayer emanatingfrom a semi-in�nite 
at plate rolls up [359, 201,
161] accordingto a similarity solution.

Vortex rings arecommonlystudied, and appear in both thick [71, 48, 178]
and thin [39] varieties, perturbed [71], head-onand head-o� pair collision
[170, 39], leapfrogging [8, 178], creation from a disc of vorticit y [360, 82],
oblique merging pairs [361, 44, 112, 82], sets of four [69], in axisymmetric

o w with di�usion and combustion [339], only di�usion [256, 110], and with
neither [362]. A good analysisof viscousvortex rings appearsin Sa�man [3],
which mentioned Hill's spherical vortex and referencesFraenkel's work on
steady, thin-cored vortex rings [363] and Norbury's steady, thick-coredrings
[364]. Tung and Ting [23] and Sa�man [24] found that the distribution of
vorticit y acrossthe core of a viscousvortex ring with small cross-sectionis
Gaussian.The decay of a viscousvortex pair is studiedin 2D usinga heuristic
method [365] and in an axisymmetric vortex method [110]. There are many
examplesof experimental work on vortex rings [366]. Dabiri and Gharib
[367] demonstratethe near-term scalingof viscousvortex rings including the
e�ects of 
uid entrainment. A completesummary appears in Shari� [368].
Finally, Maxworthy [369] showed that a vortex ring becomesturbulent when
the Reynoldsnumber (� =� ) is greater than about 600.

Similarly to the 
o w over a sphere,onecanrun a simulation of a spherical
vortex sheetwith an initial vorticit y distribution equivalent to that required
for potential 
o w past a co-located sphere[370, 44, 371, 89, 154, 158] or
cylinder [27, 370, 87, 154] in a unit freestream.Thesesimulations result in a
traveling vortex pair or ring.
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A simpleextensionof a vortex ring is the circular starting jet (the spatially-
growing jet) [372, 373], and the periodic jet (the temporally-growing jet), with
swirl [70] or without [374, 67, 87]. A periodically-forced jet has beenshown
to entrain nearly twice asmuch quiescent 
uid (Bremhorst, JFluidsEng 103,
605,1981). A jet excited axially and azimuthally, can producea bifurcating
round jet [375]. Experiments and analysisappear in [376, 377]. Coaxial jets
are experimentally studied in [378]. Computational and experimental results
for both buoyant and non-buoyant jets in weak cross
ow are presented in
Yuan and Street [379] and computational results and scaling relationships
by your buddy Javier (no citation yet). Squarejets are simulated with N-S
solvers [380].

A turbulent spot is simulated by Leonard [381].
Vortex breakdown is wherea vortex tube with axial vorticit y has a kink

in it [69]. A vortex tube with swirl 
o w is a simple3D vortex sheet
o w [80].
The motion of a surfacewith a �xed initial vortex strength is studied in

2D [201, 382, 383] for the roll-up of an aircraft wake. Related to that is the
roll-up of a vortex disc in 3D with azimuthal perturbations, doneby Lindsay
and Krasny [82]

A columnar vortex reactsto a vortex loop [384].
A �nal commonvortex method test is that of a doubly-periodic domain

in two dimensions�lled with vorticit y which exhibits a k � 1 decay in Fourier
spaceand random phase[281].

I don't know what a Taylor-Green problem is, but an early 3D vortex
method [385] simulates it.

4.2 Multi
uid 
o ws

A density interfacethat undergoespassageof a shock represents a Richtmyer-
Meshkov instabilit y, and can be simulated using front-tracking methods in
2D for planar [102, 103] or curved [386] geometries.Growth rates are given
for 2D in [387]. Shocked density interface experiments [388] are also com-
putationally tractable. None of these calculations evolve strengths on the
interface, and are thus computationally di�erent from vortex methods. Ex-
cept for Kotelnikov and Zabusky [137], who track particles with circulation
corresponding to a 2D twice-acceleratedsinewave, but in an incompressible
sense.

The two-dimensionalKelvin-Helmholtz instabilit y has been studied ex-
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tensively with vortex methods, both for 
o w [26, 89, 244], mixing [261],
variable-density [207], free-surface
o w [297], surfacetension [295, 320, 312],
and combustion [337, 261], and with level set methods [118, 122].

A turbulent ring is shot into a strati�ed interface in the experiments
doneby Linden [389], and the samefor a jet by Shy and Breidenthal [390].
A laminar vortex ring is shot into density interfacesand free surfacesin 2D
in [391, 392, 393, 300, 307] and in 3D in [307, 244].

Physical studiesand rates of spreadfor mixing layers of various density
ratios can be found in Brown and Roshko [394]. Lozanoet al [88] simulates
development of a liquid sheetup to breakupusing 3D vortex sheetmethods.
A particle-laden mixing layer is simulated in 2D [327]. Growth rates are
studied in 2D and 3D woth vortex methods in [244].

This same layer without initial vorticit y but with an unstable density
interfaceis calleda Rayleigh-Taylor instabilit y. It wascomputedwith vortex
methods in 2D [100, 303, 96, 296, 221] and 3D (not yet), and by Euler-front-
tracking methods in 2D [333, 395] and 3D for immiscible [396] and miscible
[397] 
uids. A good introduction to the problem is given in Tryggvason[96].
The initial growth of this layer follows linear theory, recounted in [398], and
the growth rates in a rotating environment are given in [399].. That same
sinusoidally-perturbed layer with a stable density interface oscillateswith a
period predicted by classicaltheory for in�nitesimal perturbations [21].

The e�ects of buoyancy are alsoaddressedin the simulation of a buoyant
cylinder [56, 299, 157] or sphere[202, 203, 283, 89, 244]. Theseconditions
produce vortex pairs and rings, and scaling relations exist for the starting
buoyant plume [400, 401] and thermal [402, 400], and for the axisymmetric
regular [362] and buoyant vortex rings [362, 400, 283]. Numerical studies
have beenperformedof the motion of a buoyant vortex pair (2D) in a stably
strati�ed atmosphere[398]. In one of these ([283]), the authors study mi-
crobursts,whereby an inversethermal impacts the ground. The rise of plane
bubblesis studied in Birkho� and Carter in J Math. Mech. 6, 769-779,1957.
Experiments are commonin earlier work: turbulent thermals [402]. Eulerian
methods are frequently usedfor bubble dynamics[403, 214].

Free surfacecalculationsare like multi
uid calculationsbut with an At-
wood number of 1 (density ratio is in�nite). Breaking wavesare simulated in
2D [297, 301, 14]. Gravit y currents are just breakingwavesin the Boussinesq
limit. SeeBenjamin [404] for discussion,and [56] for simulations. Theseare
alsocalled \w eather fronts." Haroldsenand Meiron [58] simulate the simple
(2D) Stokes wave in their 3D free-surfacepoint vortex method, and go on
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to simulate a 3D wave whoseinitial shape is a Gaussian.A buoyant sphere
and torus with a masslesscore (free-surfaceequivalent) are simulated by
Lundgren and Mansour [405].

The Taylor instabilit y of a thin 
uid layer is numerically simulated in
Verdon et al [406].

An interesting instabilit y is the Batchelor-Nitsche [407] instabilit y, which
consistsof a periodically strati�ed expanseof 
uid. It was later studied by
Proctor [408].

The most commontest of surfacetension e�ects is the radial oscillation
of a bubble in the free-surface(Rayleigh-Plessetequation) [409] or non-free-
surfaceregimes.

4.3 Flo ws with solid boundaries

Internal 
o ws areof the morecommon
uids solutionsinvolving solid bound-
aries. The most commonof theseis that of a driven-cavit y. To my knowledge,
this hasnot beenattempted with vortex methods, though many Eulerian cal-
culations exist in two [138, 141] and three [138] dimensions.

There areany number of standardsimulations for 
o w over a solid object.
2D Flow over a cylinder [218, 228, 177, 192, 239, 53, 188, 49] and 3D 
o w
over a sphere[410, 113, 37] are commonsimulations. Vortex ring impaction
on a solid surfaceappears frequently in two [411] and three [192, 412] di-
mensions,as doesvortex ring impaction on a cylinder (3D) [49] and vortex
ring impaction on a blade [38]. Experimental results for the above situation
appear in [413].

Dynamic boundariesaremost commonlydoneby simulating the 
o w over
an oscillating cylinder or wing section [200, 50]. The dynamic 
o w around
a rotating and pitching marine propeller is solved using BEM and vortex
methods by Politis [83]. There are very few simulations of dynamic 3D
boundaries,but if they were done, things like a spinning sphere,or 
apping
plate, or swimming �sh or 
ying bird or insect would be excellent.

Flexible boundary 
o ws are lesscommon in the literature, despite their
ubiquity in nature. Studying the 
o w over heart valvesseemsto be a good
funding idea [208, 233]. Flow around swimming �sh and birds is likely next.

Actual physical experiments are necessaryfor some
o ws. Oddie et al
[414] tests oil-water and oil-water-gas mixtures in horizontal and inclined
pipes. Issa[415] shows how a 1-D model can reasonablypredict the statistics
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of slug 
o w in 2-
uid pipes.
Numerically similar to the equationsusedfor baroclinic generationof vor-

ticit y and the vortex sheet'ssubsequent motion are the equationsfor 
o w of
a highly-viscous
uid through a porousmedium. The Rayleigh-Taylor insta-
bilit y in vortex 
o ws becomesthe Taylor-Sa�man instabilit y. The resulting

o w is similar to a space-�lling di�usion-limited aggregation
o w. This is
simulated in [56, 295, 312]. The general
o w is called Hele-Shaw 
o w and is
demonstratednumerically in [56, 291, 292, 294, 312].

4.4 Compressible 
o ws

Two-dimensional schemesfor 
o ws with heat releaseand its accompany-
ing velocity divergencehave beenproposedin either the fully-Lagrangian or
Lagrangian-Euleriansenses[43].

4.5 Closing remarks

As shown above, there are many variations on the classicalvortex method
initially proposedby Rosenhead.We hope that we can add to that body of
knowledge.
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