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Chapter 1

In tro duction

The goal of much of computational uid dynamicsis the numerical approx-
imation of uid ow governedby the Navier-Stokes equations. For incom-
pressible ow, the v e equationsare

rou= (1.2
%+u ru=g =rp+ rZu (1.2)
%: "o+ kr 2T+ oy (1.3)

Obviously, solving suth equations requires one to calculate and track the
three componerts of velocity u, and the scalarvaluesfor pressurep, density

, and sometimestemperature T of a uid over the ertirety of the eld for
the duration of the simulation. The kinematic viscosity and coe cient of
thermal conductivity k are assumedto be constart. Lastly, g4 represets
heat sourcesother than conduction, and ", is the heat created by viscous
di usion.

1.1 Adv antage of vorticit y variables

In the above formulation, the pressureterm must be solved by a separate
elliptic equation, and the corvection term often imposesse\ere time step
limits in order to maintain stability. An alternative approad is to consider
the problem in vorticity variables. The vorticity ! is de ned as

' =r u: 1.4



Becauserewriting equation (1.2) to usevorticity variables doesnot remove
its dependenceon velocity, we will needto discussthe matter of recovering
velocity information from the vorticity eld. There are a number of con-
ditions which are su cient to allow the inversionto uniquely determinethe
velocity. If theseare satis ed, the velocity eld canbereconstructeduniquely
by adding an integration over the vorticity support to an irrotational vector
eld. Z
1Tl (x o x9

u(x;t) = 7] X XJ° dx '+ r (1.5)
The rst term in the above equationis the Biot-Savart law, which describes
the velocity eld inducedby the vorticity. The secondcomponert is a correc-
tion to the velocity causedby boundary surfacesin the ow. Section2 will
cover, in detail, the variousmethods usedto recover the velocity eld. Details
of the Lagrangian discretization technigque appear in sectionl2.1 Methods
for fast evaluation of the Biot-Savart componert shall be discussedn section
2.2 Computation of the r  term typically requiresthe use of boundary
integral methods, which are coveredin section2.3.2

Taking the curl of the momertum equation (1.2) producesHelmholtz's
vorticity equation

%+u rio=1 ru+£2r rp+r F+ r?; (1.6)
whereF represeits a consenative force. This formula governsthe ewolution
of vorticity in an incompressibleuid ow, and will be one of the key equa-
tions in Lagrangian vortex methods. Section/3 of this paper will cover the
vorticity equationin detail.

The rst term on the right-hand side represets the changein vorticity
due to vortex stretching. This term is discussedin section/3.1 The term
cortaining and p is zeroin any barotropic uid, but is important in multi-
uid simulations, and will be more thoroughly examinedin section3.5. The
consenative force term r F can be usedto accoun for gravity and for
two-way coupling in particle-laden ows. Its usewill be brie y examinedin
section3.7. Lastly, the nal term represets viscousdi usion of vorticity,
which will be discussedn section'3.2 Other terms that can appear in this
equationrepresem the e ects of surfacetension (section/3.6), frame rotation
(section(3.8), combustion (section/3.9.6, and compressibiliy (section3.10.

A summary of these,and other, advantagesof the vorticit y-velocity for-
mulation is due to Speziale[1]. Other monographson vorticity range from
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Poincare's aging [2] to Sa man's technical [3] to Lugt's informational [4] to
Sdwenk's philosophical [5]. Applications of vortex theory occur throughout
uid dynamics, and the theories have even extendedto a theory of matter

[6].

1.2 Adv antage of Lagrangian metho ds

Two major forms of computational methods for uid dynamics exist, eat
named after the form of the corvection equationsthat they use: Eulerian
and Lagrangian. (mathematical description)

Early work in incompressibleEulerian methods emphasizedhe velocity-
streamfunction or vorticit y-streamfunction equations,and there remain sev-
eral advantagesof that approad. Harlow and Weldh [7] nd that free-surface
o ws can be more easily described by velocity-pressurevariables.

Low-resolution Eulerian methods, despitetheir inherert numerical di u-
sion in the cornvection operator, can still maintain tightly- wound vortexes
with the useof \v orticity con nement" [8], an extra term in the Euler equa-
tions.

1.2.1 Front-trac king vs. fron t-capturing

In addition to describingthe corvective formulation, \Eulerian" and \La-
grangian" can descrike the method by which a uid interface is described.
\F ront-capturing”" methods useonly grid information to determinethe con-
guration ofa uid or uid interface. In this campare methods sud asLevel
Sets, (what else?)

\F ront-tracking" methods (seesection3.9.1) use connectedLagrangian
markersto explicitly track a uid interface throughout its motion.

Harlow and Weld's marker-and-ell [7] is probably the rst use of a
combination of the two methods. In their method, Lagrangian particles
determinewhich cellsin afree-surfacecalculation cortain uid and which do
not.

1.3 Adv antages of vortex metho ds

Becausemany uid dynamic phenomenaof practical interest are essetially
incompressibleconstar-temperature, single-phasdurbulent o ws, their gov-
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erning equationsof motion are subject seeral simpli cations, not the least
of which is that the Navier-Stokesequationscan be rewritten in terms of the
vorticity. As mertioned above, taking the curl of the Navier-Stokesequation
(1.2) givesthe vorticity transport equation, simpli ed hereas

@

= I =1 2)
@+ur. ' ru+ r“l (1.7)

Two of the bene ts of this formulation are the absenceof the pressure
term and the automatic satisfaction of the cortinuity equation. The equa-
tions are now only dependen onvorticity and velocity. This greatly simpli es
somenumerical methods designedto solve the Navier-Stokes equations.

A vortex method, then, is characterizedby both the use of the Navier-
Stokes (or Euler) equationsin vorticit y-velocity form, and by a Lagrangian
discretization of the vorticity.

In o wswith minimal viscousdi usion, anotheradvantage of the vorticity
formulations manifests. In these ows, the volume of uid with signi cant
vorticity magnitudeis typically a smallfraction of the total o w volume. This
meansthat the ow canbe represeted in a more compactform by vorticity
than is possiblewith velocity. This fact lends support to computational
methods in vorticity variables.

Cottet [9] statesthat the Lagrangianform avoids the explicit discretiza-
tion of the corvective term in the Navier-Stokesequations,and its assaiated
stability constrairts.

Cottet [10] usesa stability criterion for his simulations of homogeneous
turbulence that is equalto t = k! k . Normal nite-di erence methods
are usually limited to a advective CFL number of 1:0. Look in that, and
other summary referencesfor good argumerns for choosing a Lagrangian
approad insteadof nite-di erence or spectral methods for solvingunsteady
convection-di usion problemsin 3-space.Explicit treatment of di usion also
requires enforcemen of a diusion CFL condition, but at high Reynolds
numbers, this is lessrestrictive than the advection CFL [11].

A problemassaiated with vortex methodsis the di cult y in which phys-
ical degreeof freedomin the interior of uids aredealt with. Onecanargue,
though, that in many o ws of engineeringinterest, the properties of the ow
are constart in large regionsand only rapidly changingin small, compactre-
gions. Theselarge regions,thus, do not have the degreeof freedombrought
on by local changesin uid properties.



Comparisonswith Eulerian nite-di erence sdemeshasshaowvn that vor-
tex methods can be faster by up to an order of magnitude, even when the
volumeis completely lled with vorticity [11]; most of the bene t being due
to longer time steps allowed by the increasedstability of the Lagrangian
vortex method.

MOVE THIS A method for particle-grid decompsition is preseted in
[11]. This mergesnite-di erence Eulerian and standardVIC vortex methods
into the samesolution scheme.

An good introduction to vortex methods is given by Leonard[12]. Chen
[13] presens a summary of the bene ts of vortex methods.

1.4 Other Lagrangian metho ds

Many Eulerian (grid-based)calculation methods take advantage of the bene-
cial propertiesof Lagrangiandiscretizationsfor portions of their work. The
Front-Tracking Method usesa Lagrangian meshto track a surfaceof inter-
est within the corntext of an Eulerian solution. Methods called \smoothed
particle hydrodynamics" (SPH) can be usedto study a variety of ow and
ow/solid systems. They have been adapted for incompressible uid dy-
namicsand free surfaceg14]. Moving particle semi-implicit (MPS) methods
uselocally-interacting particlesto computeall mannersof o ws: multiphase,
solid-liquid interaction, free surface,etc.



Chapter 2

Velocity Field Calculation

Mention importance of velocity to advect marker points and time discretiza-
tion.

2.1 Discretization of vorticit y

Vorticity can be discretizedin a number of ways. The rst four sections
descrike the mostfrequerly-used discretizations. Keepin mind that particles
and segmets in 2D and axisymmetric simulations correspnd, respectively,
to laments and sheetsin fully 3D models.

Also keepin mind (maybe create a sectionfor this?) is that remeshing
of all discretizationscan be donein a local sensg(point insertion, others) or
a global sense(radial basisfunctions, global cubic splines, Cottet's particle
weight stheme,even Grant's Delaungy triangulations!).

2.1.1 Vortex particle metho ds

Rosenhead15 wrote an expressionfor a desingularizedvortex particle in
1930in his study of the stability of a double row of vorticies. This was in-
spired by Kelvin's papers. The rst true dynamical vortex simulation was
doneby Rosenhead16] in two dimensionswith singular point vorticies, later
repeated by seeral authors [17, 18], and repeated with regularized vortex
coresby Chorin and Bernard [19] and Kuwahara and Takami [20]. A sum-
mary of the initial study of the vortex sheetis cortained in Zalosh[21]].
Note that desingularizingthe Biot-Savart equation is not the sameas



using nite-cored vortex blobs, though both achieve the samee ectjmaking
the vortex sheetwell-posed. Leonard[12] discussesortex blob corefunctions
for 2D particle methods.

As listed in [22], Tung and Ting [23] and Sa man [24] found that the
distribution of vorticity acrossthe core of a viscousvortex ring with small
cross-sectioris Gaussian.

A numerical study of the 2D Kelvin-Helmholtz instability [25 shows
that core overlap is desirable. An in-depth study of singular and desin-
gularized vortex particles, and an introduction to a new regularization for
vortex blobs|the \ -equations”|app earsin Krasny [26] and Rottman and
Stansly[27].

Chorin's [28] presens 3D vortex blob calculations, though stretch was
computed using a local segmenh appraximation, making it essetially a vor-
tex lament method. Leonard [12] concurrerlly proposeda 3D lament
method. Bealeand Majda [29] rst proposedusing sphericalparticles for 3D
computations, using Lagrangianupdate to compute stretch, and forgoingall
elemen connectivity information. Until then, all 3D vortex methods used
laments. The rst 2D proofswereby Hald and Del Prete [30] and Hald [31].
Proof was provided for the existenceof a solution for short times, aslong as
the overlap betweenthe vortex blobs remained[29, 32]. Beale[33 givesa
convergenceproof of the disconnected,discrete vortex method by requiring
that the vortex coreradius be larger than the interparticle spacing. It took
seeral more yearsfor the rst implemenations of the disconnectedparticle
vortex method [34, 35| in three dimensionsto appear. Sincethen, it has
becomethe predominart form of modern computational vortex methods.

A comparisonof singular and desingularparticle methods, and their vor-
ticity updating equationsis given by Winckelmans and Leonard [36]. An
exampleof a modern approad is presertied by Ploumhans[37], which uses
a redistributed vortex particle method with a Particle- Strength-Exchange
sthemeand is solved with a parallel multip ole treecade.

Despite their exibilit y and grid-free nature, the easy computability of
grid properties has led many researbersto usetemporary grids for aspects
of ow computation. Marshall and Grant [38 and Liu [39] usea grid to
compute stretch. Others have usedgrids to compute vorticity di usion [40].
A whole classof methods, VIC, are designedto compute the velocity on a
grid.

A primary advantage of vortex particle methods is that they do not rely
on structural properties of the tracked vorticity elemeits, and thus neednot
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track changesin their topology.

In particle methods, the strength of ead computational point can be
assignedin one of three ways: Hald [31] assignsthe value of the vorticity
cortained in the surrounding blob, Beale and Majda [32] assignthe value
of the vorticity at the point times the volume of the blob, and schemesthat
assigna newvalue at every time step. Marshall and Grant [38] assigna value
resulting from a global matrix calculation that insuresthat a divergence-
free vorticity eld results from the particle discretization. Actually, seeral
sthemescompute new \quadrature" weighs at ead step. Another is Strain
[41]. The rst implemenation is credited to Beale[34].

Remeshing issues

The deterioration of the spatial accuracy of a vortex particle method is
brought about by the separationof the individual vortices during their mo-
tion, causinga non-\smooth" represemation of the vorticity eld.

The primary methods to solwe this problem are: recalculation of the
guadrature weights at ead time step [34, 41, 38|, regridding/rezoning [42]
(is this to new particles?),and global regridding to regularly-spacedoarticles
(Cottet).

Beale and Majda CITE?? suggestedand tested a rezoning technique
whereupn the smaoothnessof the vorticity eld was tested at ewvery time
step, and whenit was determinedto be too great, a temporary meshwas t
over the eld, andthe vorticity from all of the old particles wasplacedon the
mesh. From theseinteger meshpoints, new particles were created. The old
oneswerethen removed. This is called remeshing,or particle redistribution.

Remeshingin its most common form meansthat at a given time, all
particles are removed, and new particles are createdat the certer of cellson
aregulargrid. The particle strengthsaresetin orderto recreateasaccurately
as possiblethe original vorticity distribution. This is done more frequertly
if the strain is high, often being done at ewery time step. Remeshingis used
frequertly in vortex particle methods [43).

An alternative versionof this method [44] remeshego the certer of cells
in an octree, instead of to a regular grid. The interpolation used[45 in-
volvesthe 3 closestnodesin ead of 3 directions (three 1-D Iters cornvolved,
as sud, createsa non-sphericalmethod), which exactly conserestotal vor-
ticity, linear impulse, and angular impulse, and somewhatconseres energy
and enstropty [44]. Theseroutines typically have a minimum vorticity mag-
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nitude for new particles to compensatefor the di usiv e nature of the Eule-
rian remeshing.This cuto canin uence the ow considerably(Gharakhani,
private communication), though Cottet et al [46] claimsthat high-order fre-
guert regridding causeso discerniblenumerical dissipation (eventhough the
L, velocity error showvs 10 2 error with a 4-th order kernel). The accuracy
claimsare somewhatrefuted by Barba, Leonard,and Allen [47], who provide
an error analysisof vortex blob methods.

Radial Basis Functions (RBF) were originally designedto allow approx-
imation of a smooth eld from a set of scattered data. RBFs are used by
Barba, Leonard, and Allen [47] to remeshthe vortex blobs in 2D simula-
tions, wherethey show substartially lower errors for long-time calculations
than even infrequert M4' remeshing.Unfortunately, to implemert RBFs re-
quires the solution of a systemof N equations,where N is the number of
particles in the system. It is possible,though, to usefast methods to solve
this problem in O(NlogN) time. Another advantage is that RBFs allow
consisten treatment of spatially-varying core sizes.

An alternative method [48] stores and tracks, for ead particle, three
vectors, originally orthogonal. As the simulation progressesthese vectors
deform due to strain. If the length of any of the vectors increasespast
a certain value, the particle is split in two; if the length is below a certain
value, the particle is mergedwith anothercloseparticle. The total vorticity is
unchanged,but the kinetic energyand enstrophy are not explicitly presened.

Mans eld [48 also found that the standard global remeshingto regu-
lar grid points, though maintaining total vorticity and enstropty, caused
arti cial growth of the vorticity region due to the di usiv e nature of the
Eulerian remeshing(when the remeshingwas kept to within 1% of maxi-
mum vorticity). There are \anti-di usion” methods that have beencreated
to prevent this, though, | beliewe, Cottet says that a su cien tly high-order
remeshing lter preverts any undue di usion of the vorticity region. Many
authors, though [49, 50 simply remove particles with vorticities belov a
certain threshold.

Mans eld [48] showvs that remeshingis necessaryn o ws with signi cant
strain, despitethe presenceof any subgrid dissipation models. This should
have beenobvious.

Rossi[5]] describtesa method for merging Lagrangian particles, but only
for methods that use Gaussianbasisfunctions. The method could be con-
verted for usewith other basisfunctions. This procedureconsenresthe ze-
roth, rst, and secondmomerts of vorticity.
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Remeshingis done by Cottet [9] and others [52] using a remapped grid
with spatially-varying cell sizes. This allows ner resolution near shedding
objects, and lower resolutionin far- eld wakes.

Ploumhansand Winckelmans[53] presen a method for particle redistri-
bution in 2D in the presenceof generalsolid bodies. This redistribution is
extendedto 3D [37].

A detailed description of the remeshingof elliptical particles to regular
axisymmetric particles is donein [54].

Chatelain and Leonard [55] presem a method for particle redistribution
to a face-cekered cubic lattice, and show that it comparesfavorably with
redistribution using M4' and \witc h-hat" (M2) lters.

Eldredge [50] remeshes\wery few stepsusing the M4' kernel.

Note that in two dimensions,vortex methods can useparticles for one of
two uses:as free markers of vorticity, with no connectivity; or as connected
markers de ning a vortex sheet. The remeshingusedis di erent for eah
type. In the vortex-sheetequivalert, early works [56] would add and delete
particles along the line and resetvorticity values,somewould even enforcea
constart separationdistanceand t cubic splinesbetween particles. In the
freeparticle method (no examplesyet) vortexesare usually joined whenthey
approad one another (or somemore modern method is used).

Clearly, particle methods with remeshingare accurateand fast, but they
are lessusefulto de ne sharp discortinuities.

Convergence

As detailed in Fishelos [57], the rst proof for vortex methods was given by
Hald and Del Prete [30] for the 2D casewithout viscosity (Euler's equations)
in 1978. Beale[33] proved corvergenceof the 3D vortex method with stretch
computedby di erentiation of the smoothed kernelin 1986.

More information on the convergencehistory of particle vortex methods
is contained in Haroldsenand Meiron [5§]. In it, he cites Goodman, Hou, and
Lowengrub [59] with the corvergenceof the point vortex method for the 2D
Euler equationsin 1990and Hou and Lowengrub [6Q] for the convergencein
3D in 1990. Another corvergenceof PVM for 3D Euler is Cottet, Goodman,
and Hou [6]], and Hou, Lowengrub, and Krasny [62].

Perlman's [63] versiongivesthe Hald [31] credit for establishingthe con-
vergenceof 2D inviscid vortex methods. Bealeand Majda extendedthoseto
higher order in two- and three- dimensions[29, 32].
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The accuracyof particle vortex methods dependson many things, most
notably the choice of cuto function and core radius (sections2.4.2, and
the initialization of the vorticity distribution. These constitute the consis-
tency error (smoothing error and discretization error). Also important is the
stability.

Merriman [64] breaksthe consistencyerror into momert error and dis-
cretization error and shavs how simple discretization methods can lead to
O(1) momert errors near boundaries. That work proposesand analysesdif-
ferert methods around that de ciency.

2.1.2 Vortex lamen t metho ds

The theoremsof Helmholtz and Kelvin showved that tubesof vorticity retain
their identity and move as material elemens in constart-density, inviscid
uid. This led to the study of vortex lines and lament vortex methods.
Batchelor [65 showed that a zero cross-sectionvortex line hasin nite self-
induced velocity anywhere its curvature is non-zero,obviating the needfor
regularization.

Vortex lament methods are characterizedby sequencesf material mark-
ersand spacecurvesconstructedto link them. Early lament methods used
1st order curves(straight segmets), but higher-ordersplineshave beenim-
plemerted for either the Biot-Savart integration [66], the elemen remeshing,
or both [67].

Vortex segmets in a 3D vortex method were rst usedby Leonard [68,
12], probably. Chorin [28] usedsimpler, but still lament-connectedmethod.
Leonard [68] proposestopology change for vortex laments in very close
proximity.

Couet et al [22] wasthe rst to couplea lament method with a 3D VIC
solwer, it usedquadratic splineswith 2-point quadrature points for the inte-
gration. Leonard'sreview paper [69 covers three-dimensionalvortex meth-
ods using thin laments with uniform core structure, and referencesmany
earlierworks. Ashurst and Meiburg [66] extendedthe straight-segmer vortex
lament method by connectingadjacent nodeswith cubic splines. The xed
vorticity distribution in the cross-sectiorof the lament doesnot changedue
to local strain e ects (but doeschangeradius uniformly along the lament
to maintain volume and consere energy),and thus de nes a small-scaleres-
olution limit. Martin [70] appliesthis method to study the dynamics of a
swirling jet. Knio and Ghoniemuseda \thin tube" method, which is essen-
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tially avortex lament with a coresizethat variesdueto stretch, to study the
stability of vortex rings [71] and the roll-up and entrainment of a shearlayer
[72]. This essetially is the lament analogueof the core-spreadingtech-
nique. Leonard [69 suggeststhat the core radius change uniformly along
its length in order to make the lament volume constart. Local variations
in the core radius, due to local di erences in vortex stretching, can cause
helical vortex lines and thus axial ows that would smaoth thesevariations
(Leonard's wording) [73].

Pothou [74] usesa vortex lament method to predict the acoustic eld
resulting from the impact of two vortex rings.

Knio and Klein [75, 76] shav that using closely-spacedortex particlesto
represen vortex lines introducesO(1) errors in the velocity. This improve-
mert of the \thin-tub e model" represeits laments more accurately

Convergence

The convergenceof the vortex lament method is preseted in Greengard
[77], the method for vortex stretching being a certered-di erence operator
alongthe lament elemerts, asdoneby Chorin [78] (really?).

Remeshing issues

Remeshingto maintain the quality of the discretization is almost always
doneby splitting any long lament elemens in two. Its origins are likely in
contour dynamics remeshingof surfacesin the 1D Vlasov equation by Berk
and Roberts [79].

Occasionally the new node in the material line is chosenwith a higher-
order function [67], or by using an FFT [8(], but often it is merely the
midpoint of the old segmen [79, 78, 81]. Chorin [78 claims that a la-
mert remeshingsdieme more elaborate than midpoint/linear interpolation
iS unnecessary

Leonard [68] did lament surgery which joins laments togetherin order
to dissipatetheir circulations and reducethe elemen court.

A particular problem assaiated with lament methods appearswhen |-
amerts are usedto descrike real vorticity distributions. A number of closely-
padked laments are commonly usedto represem larger vortex structures
[67, 71, 72, 8(], but after a nite time, these structures thin in directions
normal to the lament axes. Sthemeshave beencreatedto maintain resolu-
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tion in thesedirections, but they involve either breakingthe vortex tubes[72]
or adding an ertire newtub e betweentwo existing tubes[82] Neither sheme
providesa exible, global method for lament remeshingthat maintains an
even elemen-to-area ratio.

Politis [83] usesvortex laments to describe the motion of a shedvortex
sheetin a wake. No remeshingis done at all, either along the laments, or
between laments. The laments are connectedby rectilinear panels.

2.1.3 Vortex sheet metho ds

A vortex sheetcan be either a topologically 1D front in a 2D simulation,
or a topologically 2D front in a 3D simulation. A true vortex sheetmethod
should be de ned as one which maintains connectivity in (D 1) space
dimensiongboth tangential to the sheet),whetherthe vorticity is represeted
by particles, laments, or triangles/quadrilaterals. Methods that represenh
sheetswith disconnectedparticles or laments are not vortex sheetmethods
for purposesof this discussion.

A vortex sheetis commonly usedin boundary elemen methods to de-
scribe the bound vorticity or dipole distribution of a solid or exible (but
still non-material) boundary within an irrotational ow. In thesecasesthe
vortex sheetstrengthsof the boundary elemens (usually triangles) is initially
unknown, and must be solved for at every time step. Thesevortex sheetsare
related to the free (wake) vortex sheetsdescrited in this section. Seesection
2.3.2

Vortex sheetshad beenusedextensiwely in two-dimensionalvortex meth-
ods, and have beenrepreseted asa collection of overlapping vortex laments
or vortex particles, but Agishtein and Migdal [84] was the rst to demon-
strate a three-dimensionalvortex method basedon vorticity discretization
into sheets.This work used at triangles.

Hou, Lowengrub, and Krasny [62] demonstratesthe corvergenceof the
point vortex method in describingthe motion of vortex sheets. Lowengrub
did this in his 1988dissertation.

Knio and Ghoniem [72, 85 used triangular and quadrilateral elemeits
to discretizethe vorticity and scalargradiert in their simulations of doubly-
periodic sheets. The velocity gradierts (r u) are explicitly calculated using
the gradiert of the Biot-Savart equation. The displacemets of the nodes
are only usedto ched for low discretization accuracy The vorticity is still
discretized using overlapping thin tubes, like earlier three-dimensionalim-
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plemertations, but they are co-located with the tri and quad scalargradiert
elemerts, allowing local computation of the stretching term using the over-
lapping scalar gradiert elemens' node points. Of special note is that the
triangular discretization usedheredid not constitute a completeand cortin-
uoussurface,see gure 1(b) in the reference.

An improvemen appearsin Knio and Ghoniem [86], which usesonly
rectangular elemers, but forcesthe vorticity to be exactly along an edgeof
the elemen. It still computesthe stretching term asa lament (i.e. usingthe
di erence in lengths of the elemen alongthe vorticity direction). This work,
though, includesthe e ects of small-Richardson number density gradierts,
which cannot be computed using the Lagrangian stretch method. Thus,
\baro clinic splitting” is used,and both termsin the vorticity update equation
(vortex stretching and baroclinic sourceterm) are computed in a di erent
manner. Ouch.

Brady et al[87] shoved the useof triangulated vortex sheetmethods, but
no remeshingbetween sheetsis done. The vortex sheetis C! smooth and
de ned on a two-dimensional parameter space, constraining the sheetsto
be topologically two-dimensionaland simply connectedat all times. The
computationsuseda direct summation technique, with the in uence of eadh
triangle being calculatedby integrating over a number of non-singularGauss
guadrature points. The elemeits are cubic Beziertriangular patches,and as
sud have a cortinuous normal vector.

Lozanoet. al. [88] usedthe equivalert of quadrilateral elemertts for the
simulation of a strong density discortinuity.

Pozrikidis [89 useda C! cortinuous sheetdiscretization by using a net-
work of quadratic curved triangles de ned by six nodes. Quartities are ap-
proximated with quadratic basis functions. Still, tangertial derivatives of
surface functions and componerts of the normal vector are discortinuous
acrosselemen edges. This work was the rst to shov the motion of a sin-
gular vortex sheetin three dimensions. There is mertion that the rst 3D
sheetmethod without kernel regularization was Haroldsenand Meiron [5§].
Beale[9(] alsopresens method for solving singular integrals.

Many authors usediscretized vortex sheetelemens in the computation
of 2D and 3D boundary-layer owsto track vorticity di usion into the uid
[91, 92, 93]. But theseelemens are bound to a solid surface,and do not
directly shedinto the ow.

An interestingadaptation of vortex sheetsappearsin Summersand Chorin
[94], which presens a method of creating impulse at solid boundariesand
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converting them to vortex loopsasthey leave the numerical boundary layer.
These loops are intrinsically divergence-freeand are equivalert to vortex
loop panelsset freeinto the ow. Seex2.1.6

It is important to note that vortex sheetelemeis are assignedtheir
strength di erently that particle methods.

Convergence

Caisch and Lowengrub [95] presen a proof for corvergenceof the vortex
method for vortex sheets.

Remeshing issues

In a 2-D particle method, someconnectivity can be created and enforced.
Tryggvasson[96] introducesa method to maintain the resolution of the con-
nected\sheet" by automatic insertion of particles as the sheetis stretched.
The vorticity of thesepatrticles is naturally modi ed, per the vorticity trans-
port equation. | beliewe Krasny did this samething in 1986. Similarly,
Dritschel [97] intro duceda similar method for two-dimensionalcortour surgery
Another 2D sheetmethod wasrecerly usedby Kim et al [98], but usedglofal
remeshinginstead of Krasny's point insertion technique (cite?). From these
humble beginnings...

Knio and Ghoniem[72, 86] useda three-dimensionalortex sheetmethod
with rectangular transport elemens cortaining information of the vorticity,
scalarvalue and scalargradiert. Theserectangular elemers were remeshed
by splitting the elemen in two in areaswhere high strain reducedthe reso-
lution below the core smaothing radius. This remeshingis done separately
in both directions. The earlier work [72] alsoinvestigatedtriangles, but the
remeshingdid not maintain the connectivity of the sheet,it createdholesin
the scalar surface,but sincethe vorticity was discretizedessetially as la-
merts, did not a ect it. The problemwith this method is that if the primary
extensionalstrain axis is oriented diagonalto the rectangular mesh,the cre-
ation of a large number of very thin elemens is unavoidable. Not ewen the
remerging of nodesand elemens will maintain the core overlap. Arbitrary
triangular mesheswith mergingavoid this problem ertirely. Evidenceof this
appearsin Table 3 in [86], which shavs the number of elemelts increasing
super-linearly with the areaof the discretizedsurface.

Brady et al [87] did remeshingwithin a sheetby maintaining elemen
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quality in areasof high curvature. This doesnot allow long-time runs, as
not only doesthe frontal areaincreaseexponenially, but the sheetstend to
create areasof high curvature. Triangular elemeits were used. The method
maintained the circulation on the elemeits as constart and, thus, had no
problem with vorticity divergence.

Pozrikidis [89 doesno remeshing.There is mertion that spectrum trun-
cation may be necessaryor vortex sheetsimulations involving surfacetension
or density discortinuities, but that an e ective method of smaothing the po-
sitions of marker points de ning a triangulation has not been deweloped.
Kwak and Pozrikidis [99] preser a simple method for regridding directly in
physical space,asthe currernt method does.

There is an additional problem assaiated with vortex sheets,and that
is in the represemation of sheetsof nite thicknesswith a number of over-
lapping vortex sheets. In the presenceof roll-up, the sheetswill separate
in the direction normal to their surface,losing resolution and compromis-
ing the accuracyof the method. In numerical experimerts by this author,
ewven very-closely-spacedheetsultimately separate.Look for researt on the
desingularizationof vortex sheetmethods by the overlaying of se\eral singu-
lar vortex sheets.See gure 14d of [86]. Baker et al show the beginningsof
this behavior in a three- uid system[10(d.

Extensive discussionof remeshingof 3D triangulated mesheds cortained
in Tryggvasonet al [10]] and Glimm et al [102 103. These methods re-
quire logical connectionsbetweentriangular elemens. Newer methods have
beencreatedthat relax that requiremen, sud as Torresand Brackbill [104
(require quintic splinesto achieve accurate curvatures, but can actually de-
termine surfaceelemen areafrom an unconnectedset of points), Shin [105
(a level-setmethod with marching cubesstudk over itfthe mardiing cubes
triangles are not linked, though they shareendpoints), and level set methods
(section2.1.5.

Wang and Khoo [10§ use a method called the Elastic Mesh Tednique
(EMT) to track an interface between water and air. It usesa relaxation
method to move meshnodes,providing higher-quality mesheghan without.
It doesnot allow for elemen insertion.

Aulisa et al [107 presens a method for maintaining enclosedvolume in
a combined Eulerian-Lagrangianfront-tracking method in 3D.

The problemswith all of thesemethods are twofold: surfacedetail below

X in sizeis lost, usually without any subgrid e ects; and becausehe surface
is ertirely remade,no elemen-wise information canbe retained (vortex sheet

19



strength, momeris of scalargradiert).

No one,to my knowledge,hasattempted inter-sheetremeshingn a vortex
method. One shouldlook to transport elemen methods or to the computer
graphicsliterature for examplesof this kind of remeshing.

Smoothing issues

In order to prevert the growth of unwanted small scales someauthors have
takento applying smoothing overthe eld of connectednodes. This is usually
only done with segmen (in 2D) and lament (in 3D) methods. Kim [9§]
Iters the global curve in frequency-space.Tryggvasondid much the same
in earlier 2D methods.

2.1.4 Vortex volume metho ds

Discretization of vorticity can be at one higher dimension, still: volumes.
A Lagrangian meshcan be de ned by material points in spaceand volume
elemetts de ned by their connectionto thesematerial points. A triangulated
vortex method in two dimensionswas rst introducedin Russoand Strain
[10§. Strain [4]1] claims that it is dicult to make a triangulated vortex
method (2D version)that is more than second-ordeiin space though a later
generalization[109 remediesthat.

An axisymmetric version exists by Carley [11(. Huyer and Grant [11]]
have demonstratedtwo-dimensionalvolume discretizations using Delaungy
triangulations. Grant and Marshall [112 113 have deviseda method that
usedtetrahedrato discretizethe vorticity. The tetrahedraare createdvia De-
launay triangulation over a seriesof particles. Vorticities areassumedo vary
linearly within the tetrahedra. In uencesarecalculatedusingtreecade/FMM,
with local interactions using Gaussianquadraturesor integrals over the vol-
umesof the elemerts.

A two-dimensionalvortex volume method usesa triangular meshto rep-
resen areasof scalar-\alued vorticity. To maintain discretization accuracy
the distorting triangles needto be remeshedonto a new set of less-distorted
triangles. One possibleprocedurefor conseratively remeshingthe vorticity
is preseted by Ramshav [114, though it is unknown whether or not is has
beenusedin the cortext of vortex methods.
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2.1.5 Level Set metho d

The Level SetMethod introducedby Osherand Sethian[115 in 1988. A sum-
mary of recen level-setreseart appearsin [116 117). This is an exampleof
a\front capturing” technique, which is di erent from a\front tracking" tech-
nique in that the latter maintains an explicit represetation of the interface.
Level setsare amenableto grid solvers, hencetheir popularity.

This method can be used to capture sharp interfaces between uids,
though it requiresa large number of tracked particles, and automatically
coalescesronts when details are smallerthat a grid cell. It was rst usedfor
ow calculationsin [11§. In that work, the method appearsdi usiv e and
less-capableof tracking detail than a pure Lagrangian method.

Changet al [119 useda level set method in 2D to compute the motion
of interfacestracking large density jumps. The solution method is pure Eu-
ler, though. Zhao [12( usesa variational level set approad for multiphase
motion.

Strain [12]] preseits a quadtree level set method for moving interfaces
that usesa semi-Lagrangianadvection technique.

Herrman [122 usesa level-set/vortex sheetmethod to study two-phase
ows in two dimensionsto study the primary atomization in turbulent ernvi-
ronmerts. The method has no viscousdi usion (usedthe Euler equations),
but accourns for surfacetension.

The Particle-Level Setmethod [123 tracks Lagrangianparticles, but uses
them only to recreatethe grid-resolution-limited front for the Euler calcula-
tion.

Disadvantages of the level-set stheme are that it relies on high-order
sthemesfor the advection term (being an Eulerian approad), and, for the
vortex method extension,requiresspecialtreatment of the vortex sheetstrength
transport equation. In addition, the resulting velocity eld for incompressible
o w calculationstypically cortains non-zerodivergence and thus a separate
calculation must be madeto make the results divergence-freelts advantage
is that the curvature and normal can be calculated on the grid, allowing for
smoother interpolation of curvature than a C! cortinuous sheet (piecewise
at triangulated mesh).

Only recerly [124 have level set methods beenusedto track material
guartities on propagating interfaces. Is this in a Lagrangian senseyet?
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2.1.6 Magnet/impulse elements

Lundgren [125 proposedthe use of spiral vortex cores(a preferred state of
stablevorticity) in the study of ne-scaleturbulence. Thesecoresare clearly
the causeof the cauli o wer look of rapidly-convecting cloud boundaries,and
can ewen be seenin Javier's PLIF imagesof buoyant turbulent jets.

Buttk e [129 reformulated vortex methods in terms of impulse elemeitts,
asthey naturally presene the divergence-freeharacter of the vorticity eld.

This type of elemem must be related to the vortex dipolein R. Cortez's
thesis(UC-Berkeley 1995). This elemen presenesall invariants of the three-
d Euler equations,aswell asmaintaining the solenoidalit of the velocity and
vorticity elds. The singularity of the velocity kernelis of one order higher
than the standard vortex monopole, and this results in not only stability
restrictions, but requires a solver that can handle r 3 velocity in uences
(note that velocity gradierts in vortex monopole elds in 3D decy liker 3,
asthe velocity itself decgys asr 2).

Calleda\magnet" method in [94], theseelemerts are conceptuallyequiv-
alert to a vortex loop. The magnitude of the impulse of a magnetelemet is
equalto the product of the vortex loop's circulation and area. Summersand
Chorin [94] shows how to createimpulse and vorticity on a solid surface.

Zabusky[127] calls coheren vortex structuresthat move under their own
self-induction \v ortex projectiles.” Examplesare a pair of point vorticies in
2D or Hill's sphericalvortex in axisymmetric coordinatesor 3D.

Cortez [128 129 shows that impulseblobs are roughly equivalert to vor-
tex blobsin some o ws, but cautionstheir usefor represeting vortex sheets
under extreme strain.

2.1.7 Semi-Lagrangian particles

As an option, onecould usea semi-Lagrangiarforward time-steppingsdieme
where the state at the new time step is determined using a Method of
Characteristics|w alking badkwards in time along the local velocity vector
and interpolating the value at the resulting position. This method originated
with work from Wiin-Neilsen [13Q in 1959and Sawyer [13]] in 1963. Good
descriptionsappearin Robert [132 and a history appearsin Bates[133. Jos
Stam's \stable uids" [134] addeda velccity correction step to accour for
divergenceerrorsin the velocity advection stage.

Advecting vorticity instead of velocity would produce a method that is
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much lessdissipative, but slightly more costly. It would be no more sta-
ble than the velocity formulation as published, but it will be lessdi usiv e.
This was done by early authors [13]] in two dimensions,but not in three
dimensionsuntil Malevsky [135.

Also notable is a Semi-Lagrangianmethod for cortour advection, called
the \Contour Advection Semi-Lagrangian”(CASL) algorithm by Dritschel
[13§ and usedin [137. Alternative Semi-Lagrangianmethods for surface
advection can uselevel sets[121].

2.1.8 Pure Eulerian

Though not vortex methods per se Eulerian (grid-based) solutions of the
velocity-vorticity or velocity-streamfunction equationsrelate in many ways
to their Lagrangian courterparts. Many vortex methods have borrowed al-
gorithms and methods from Eulerian implemenrtations.

Someexamplesof grid-basedvorticity methods are [138 139,140, 141]].

2.1.9 Combinations

Se\eral authors seemerit in combining two of the above methods in their
calculations. For example,Chorin [144 rst conbined sheetwith particles
in 2D, later done by [143. Bernard combined sheetswith laments for his
late-90'swork [144.

2.2 Solution metho ds for the Biot-Sa vart equa-
tion

2.2.1 Direct integration

A vortex method is a computational method in which the ow is represeied
by a collection of Lagrangian particles of vorticity moving under the self-
in uence of one another. This motion is quartied by the Biot-Savart law
(2.1), which determinesthe velocity at a point in spacegiven a complete
de nition of the vorticity eld.

IO RSP,
X x5

u(x;t) = 4i (2.1)
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Using this formula, a vortex particle's velocity can be computed from the
vorticity and location of ewvery other particle. Each patrticle is then advected
accordingto its local velocity, and hasits vorticity modi ed to accoun for
vortex stretching and viscouse ects.

It is obviousthat if the Biot-Savart law wereusedto calculatethe velocity
of eat of the N particles in a simulation, then the calculation of a single
time step would involve O(N ?) evaluations. This is clearly inappropriate for
large valuesof N, aswould be necessaryor simulations of three-dimensional
turbulence.

One method to reducethe O(N?) computational e ort is to usea long-
rangecuto |[to  ignorethe in uence of any vorticity that is beyond a thresh-
old distance. This was usedby Chorin [7§], but is more frequenly usedfor
Lennard-Jonesforces(which vary asr © andr *?) in molecular simulations
[145.

Sometimescalled\direct ewvaluation" or the \direct method", this method
is straightforward to implemert, but slow to run. Implemerting the method
on parallel computers[146 147, 92| is straightforward, but only provides a
linear speedupdependernt on the number of processorsnvolved.

Lozano et al [88 applied this method to solwe for the ewlution of a
vortex sheetcarrying a large density jump. A  parameter was added to
desingularizethe Biot-Savart kernel. The kernel was integrated over the
ertire computational surface.

Low [14§ rst suggestedhat vorticity can be discretized as blobs onto
material particles and may travel with valuesintact. The rst vortex simula-
tions were done by Rosenhead16] in two dimensionswith 12 singular point
vorticies. Those same calculations were repeated by Birkho and Fisher
[17]. Those calculationsshaved that without regularization, a point vortex
method cannot be usedto approximate a vortex sheet. Seediscussionin
[149.

Regularization in vortex metho ds

The needfor regularization was driven by the discovery of curvature singu-
larity formation in vortex sheetsin nite time in 2D [150 15]], 3D [152 153
154, and in corntour dynamics[155 in 2D [156. Kudela [157 goessofar as
to state

From the practical point of view, the emergenceof a singularity
is physically unacceptableand shows inadequacyof the mathe-
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matical model in describingthe problem. Soit is reasonableto
include certain physical medanismslike di usion, interfacial ten-
sion or the nite thicknessof the interfacial transition region to
regularizethe problem.

Regularization, as opposedto di usiv e viscosi, can be provided by a

number of means,from length scalecuto s [15,19, 2€], in direct or treecade/FMM

methods, to the grid regularization provided by hybrid Eulerian-Lagrangian
sthemessud as VIC and Level Set[118 127. Kudela [157 points out the
viscouscharacter of the 2 regularization [26].

Nitsche [158 says \comparisonswith solutionsof the Navier-Stokesequa-
tions [159 and with experimertal measuremets [16( show that the [vortex
blob] method approximates viscous o w well for su cien tly small values of
the arti cial smaothing parameterand viscosity."

Luchini and Tognaccini[16]] compare high-resolution two-dimensional
simulations of regularizedEuler ow and high-Reviscous ow and nd very
few di erences.

Keepin mind that the Biot-Savart kernelexhibits a 1=r? singularity, thus
avortex sheetmust have a cortinuousnormal vector in order for the principal
value of the integral to exist.

Dissipation is an intrinsically dierent procedure than regularization,
though tests [16]] have shawvn that the two behave very similarly in certain
cases. This is becauseregularization in a vortex method limits the magni-
tude of the velocity gradiert, which in turn prevens the stretching term from
creating the required new vorticit y.

2.2.2 Vortex-In-Cell (VIC)

A vortex-in-cell shemecan be usedto determine the velocity eld, instead

of the individual elemen velcocities, as direct integration of the Biot-Savart

equationwould produce. VIC is a pure PM (particle-mesh)algorithm, and is

an extensionof the Cloud-in-cell (CIC) algorithm. Birdsall and Fuss[167 in-

troducedthe Cloud-in-cellmethod for plasmaparticle owsin 1969. The gov-

erning equationsfor these o wsarevery similar to thoseof the streamfunction

equations,as both rely heavily on potertial theory. The rst particle-in-cell

method (Harlow [163) was for hydrodynamic problems, usedthe zero-size-
particle and nearest-grid-int method (ZSP-NGP) and did not usea Poisson
equation.
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First, the elemens' vorticities are placedonto a temporary grid. From
this vorticity eld, the velocity eld is solved for in one of two manners:

re = l:u=r (2.2)
or
r2u=r I (2.3)
In two dimensions,theseequationscan be written
r2 = lteé;u=r (2.4)
and
reu=r & (2.5)

The streamfunctionformulation requiresonesolution to the Poissonequa-
tion for the 2D case(2.4), and three for the 3D case(2.2). This formulation
is alsodiscussedn [140, and in 3D requiresthat the vector potertial, vor-
ticity, and velocity are all divergence-free.More discussionon the needfor
divergence-freevorticity appearsin [164. A problem with the streamfunc-
tion approad in three dimensionsis the determination of proper boundary
conditions. Wong and Reizes[169 proposea solution in this regard. This
formulation originates with Helmholtz's Decomposition Theorem.

The vorticity formulation requirestwo solutions of Poisson'sequation for
two-dimensional ow (2.5), and three for three-dimensional ow (2.3). An
advantageis that the only requiremer is that the velocity be divergence-free.
There is no mathematical constrairnt on the vorticity, save our insistenceon
its divergence-freghysical character. (Is this really true?)

The Poissonequation, being a special caseof the Laplaceequation (which
is itself a special caseof the Helmholtz di erential equation), is a separable
partial di erential equation, and can take advantage of fast solversthat use
FFTs (FISHPAK) or multigrid methods (MUDPACK). Leonard [12] goes
into further detail on the relation of this solution to Fourier methods.

Christiansen[166 167] rst appliedthe VIC method to uid o w problems
in 1973, using a code deweloped in 1970 [168, for the simulation of the
Kelvin-Helmholtz instability in two dimensions.He usedthe streamfunction
approad (2.4).

At the sametime, Hirasakiand Hellums[169 presered a solution method
for the three-dimensionalvector potertial requiring three separatePoisson
equationswith mixed Dirichlet and Neumanboundary conditions.
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Couet [22 rst useda three-dimensionalVIC method, using vortex |-
amerns to study the ewlution of vortex rings. They noted two sourcesof
azimuthal velocity unevenness:one causedby the interpolation kernel itself
(causing small-scaleperturbations), and the other causedby the doubly-
periodic placemen of image vortex rings (causinga larger k = 4 mode per-
turbation).

Zawadski and Aref [17Q presen a 3-D VIC method using vortex sticks
(disconnectedparticles) to simulate o set vortex ring collisions.

Ould-Salihi [11] comparesa VIC method and a nite-di erence method
in his discussionof combined particle-grid methods. Savoie, Gagnon, and
Mercadier [17]] useda random-walk VIC method to compute the starting
o w behind atwo-dimensionalstep. Tryggvason[149 comparesVIC methods
to vortex blob methods by studying the Kelvin-Helmholtz instability in two
dimensions.Abdolhosseini[172 usea two-dimensionalVIC method to study
the growth of turbulencein a shear o w. Cottet [10] comparesa VIC method
to a spectral method to calculate homogeneousurbulence.

In addition to the errorspresen in direct calculation, this hybrid approac
introducesse\eral new error terms. Due to the repeatedinterpolation of val-
uesbetweenthe particles and the grid, the error of the interpolation method
must be studied. Additionally, di erencing errors from the Poissonsolution
must be accouned for.

Meng and Thomson [56] state that VIC calculations are inherertly un-
stable (true for all vortex methods, | would think), and this is correctedfor
by Itering in wavespaceand damping the high waverumber modes. Does
this correct for the non-sphericaliy of the Itering kernelused?

The VIC method can be improved with a method of local corrections
[173, wherely the e ects of vortexeswithin a distanceof O (h) are calculated
using direct integration, while the e ects of all other particles are calculated
with VIC. This is an extensionof the particle-particle/particle-mesh (PPPM)
originally of Hockney, Goel, and Eastwood [174], 1974. Walther and Mor-
gerthal usean improved PPPM [175 in their 2D immersedboundary VIC
simulations [174.

The literature cortains many examplesof two-dimensional[172, 177, 46,
137 and three-dimensional[46, 178 49] VIC methods.
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2.2.3 Treecode/F ast Multip ole Metho d (FMM)

Appel's method [179 and the Barnes-Hut method [18( both hierarchically
subdivide a set of computational elemeits and approximate their strengths
in orderto speedthe Biot-Savart velocity summation over the givenset. The
latter is alsocommonly called a treecade. While the original work usedonly
rst order multip ole expansions(monopoles), methods using higher-order
expansionsare still referredto by this name.

The Fast Multip ole Method (FMM, Greengard-Rokhlin)[18] is an ex-
tensionof the Barnes-Huttreecade that includescalculating local expansions
to reducethe order of the computations. While theoretically O (N), no im-
plemertation of FMM on desingularizedparticles achievesthat performance.
Researbers have achieved speedsof O (NlogN ) or even O (N 11) [44] (but it
looks more like 1.2) using thesemethods. Dehnen[187 claims O (N) speed,
but only for singular particles.

Anderson [183 presertts a fast method similar to FMM but which uses
Poissonintegrals instead of multip ole momerns. Performanceis comparedto
FMM in [184), appendix b.

In an interesting obsenation by Nordmark [42], the computational labor
for FMM is limited to O (N *®) when high- or in nite-order cuto functions

re used. This is becausethe cuto parameter must be proportional to

h [185, whereh is the grid sizefor regridding, in order to maintain high
accuracyfor long-time integrations. When is proportional to h, FMM can
achiewe its theoretical optimum order. Strain [109 usesa new error bound
to construct a 2D vortex method that shrinks the needfor large smoothing
radius.

The Barnes-Hut/treecode method is more easily parallelizable,and may
have been done in a scalably fashion rst for gravitational problems by
Salmon[18€. Sincethen, seweral authors have preserted parallel treecales
[187. Bernard [144] usesthe full G&R FMM code on parallel macdines.

Treecales[188 have beenusedto calculate velocities in Eulerian-frame
Navier-Stokes solversin vorticity variables.

FMM/treeco des(particle-particle methods) have alsobeenusedfor molec-
ular simulations [189 145, but Particle-meshmethods with local corrections
(particle-particle particle-mesh)may be equally or better suited.

Strickland et al [19Q presen a treecade that solvesfor both velocity and
radiation in three dimensions. The authors mertion that treecalescan be
usedto solwe scattering problems,too.
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The literature cortains many examplesof two-dimensionaltreecale [18§,
three-dimensionaltreecade [190 37, 19]], two-dimensionalFMM [41, 109
197, and three-dimensionalFMM [144 43, 192 implemenations.

2.2.4 Other metho ds

Contour dynamics, which have no three-dimensionalcourterpart, are e ec-
tive in computing o ws with boundedareasof constart vorticity [155 193.
This avoids the problem of point vortex methods by changing the order of
the singularity in the integrand from x ! to logx. The origin of this method
is the Water-Bag model of Berk and Roberts [79].

A related method [194 195, possiblyinspired by the resultsin [193 uses
overlaid elliptical vortex patchesto descrile the motion of separatedpatches
of vorticity in 2D ows.

2.3 Corrections due to boundaries

Talk about the additive nature of the velocity eld, the superposition of
potertial ow elemens, and the solution of panel methods [196 and their
parert Boundary Elemert Methods.

Two types of boundary must be de ned here: one type of boundary
is the grid boundary used in hybrid Eulerian-Lagrangian solvers sud as
VIC; the other is a boundary surfacebetweenthe uid domain and a uid-
impenetrableobject, whetherthe ow be internal or external to the surface.
The secondtype of boundary will be discussechere,but there must be some
overlap of the descriptionsdue to their similarity in somecaseginviscid slip
wall boundariesin VIC).

This section should really be composedof the following: computational
volume boundariesfor VIC methods (Poissonequation solvers), boundary
elemen method solers for both free-spacesolvers (internal and external)
(direct, treecade, FMM) and VIC (internal boundariesonly).

The rst boundary treatment in vortex methods was the methal of im-
ages a technique createdto simulate the e ects of a solid plane or spherein
a two-dimensional o w. Ead singular vortex hasan imagevortex placedon
the other side of the plane, or the interior of the circle, which participates
in the velocity integration. The e ect of theseimage vortexesis that of an
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inviscid plane or spherein the oweld. This has beenrepeatedin three
dimensions[94].

Another wall-bounded o w method is usedby Gharakhaniand Ghoniem
[93. Summersand Chorin [94] usea hybrid vortex/magnet eld to simulate
the ow over a sphere.

Flows can sometimesbe computed with periodic boundary conditions.
This is possiblewith direct solverswith the useof image vorticies, and with
VIC solers, becauseof the exibilit y of available Poissonsolvers.

One problemwith de ning two typesof boundaries,aswe do here, is that
for simply-connecteddomains,the meshcan be cortorted to t the internal
boundaries. In the caseof ow over a sphere[37], even though the authors
useFMM, they still remapa grid sphericallyover the solid object and remesh
particles on it.

2.3.1 Domain boundaries

The boundary of the computational domain is treated di erently basedon
the velocity solution method. FMM and treecades must use open bound-
ary conditions exclusiwely, unlessan Ewald-summation-syle method is used
to allow periodic boundaries. Wall boundaries,or any internal boundaries,
typically require a full BEM solution.

Wall boundaries

VIC methods, due to their Laplace solwer, can incorporate Dirichlet (value
given on the boundary), Neumann (derivative given on the boundary), or
periodic boundarieseasily Wu [197] discusseghesetypesof boundary con-
ditions for wall and free surface o ws.

In addition, conformal mapping can be usedto create a regular grid
in domainsthat are not perfectly rectangular. Malarkey and Davies [19§
investigatewhether Routh's Correction is necessaryin this case.

If an internal boundary is regular (spherical or rectangular), the compu-
tational domain for an Eulerian-type calculation can be redrawn to conform
to the internal boundary. Most notably, Cottet hasdoneVIC calculationsof
the ow around a sphereand cylinder [199 49| usingthis kind of body- tted
grid.

This sectioncoversnot only methods for which oneface/side of the com-
putational volumeis de ned to be a solid wall, but alsofor methods which
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map or cortort a regular grid sud that the samecondition exists[37,200.
Conformal boundariesare even usedin methods wherethe boundary is mov-
ing, sud asa wavy moving wall [143.

Tryggvasonet al [139 compute ow inside a 2D box with the top as-
sumedto be a free surfacewith variable surfacetension. The work uses
nite di erencesand a u- formulation. Becausethe free surfaceis treated
asa boundary of the uid domain, it is included in this category

Open boundaries

Baker [20]] computesthe boundary conditions for a VIC method using the
streamfunction approad by grouping all of the point vorticies into local
certroids and calculating the velocity at the open boundariesby direct sum-
mation of the e ects of thesecertroids. Then, the valuesfor the boundary
streamfunction are determined by numerically integrating the around the
boundary. It is even suggestedthat, with proper choice of the number of
local certroids and number of boundary ewaluation points, this method is
faster than setting the boundariesas periodic in the Poissonproblem. Liu
and Doorly [39] computesthe velocity on the boundary of their VIC domain
by direct Biot-Savart integration over the cell vorticity values.

Bredht and Ferrante [20 referto their dewelopmern of free-spacéound-
ary conditions for a 3D VIC method using the streamfunction approad. A
tridiagonal systemis solved at eat boundary. Though, in [20], they use
periodic boundariesafter stating that it changesthe answer by only a few
percen.

Gharakhani[204, 93] proposesa new type of outlet/op en boundary con-
dition for vortex methods which usethe vorticit y-streamfunction equations.

E and Liu [14Q descrile a separate2D calculation at the outlet planein
order to solwe for the outlet velocities.

Comini et al [20§ employ \advective derivative conditions" at out ow
boundariesfor two-dimensional ow in  -! vorticity coordinates.

Sohanlar et al [20§ study the e ects of a corvective boundary condition
(the SommerfeldBC) on the local and global o w over a squarecylinder with
a nite-di erence method.

Gharakhani, in private corversations, suggestsusing FMM to solwe for
the boundary conditions (velocity) on all open walls, on a grid-wise basis.
Thesevaluescan be fed into a VIC solver as Dirichlet boundary conditions.
The accuracyof the FMM summation would scalethe velocity divergence
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error.

Despite more advanced methods, modern approades have skirted the
dicult y in their own ways. An inviscid slip boundary is usedin the VIC
method in [11] to simulate an open boundary.

Perio dic boundaries

In direct summation, treecade, and FMM implemertations, which are most
commonly run for free-spaceproblems, one can implemert periodic bound-
ary conditions by either including in the computation the e ects of a -
nite number of copiesof the vorticity eld acrossead periodic boundary
[78, 66, 67, 88, 207, by a complicatedsummationand estimation of the error
term [72) (obvious asymmetriesremain in the results, seethe y-planeimages
from [72, 86]), or by a method known as Ewald summation [58, 89]. Brady
et al [87] discusseshe singly periodic vortex sheetsolution, while Pozrikidis
[89 doesthe samefor doubly-periodic free-spaceGreen'sfunctions.

In VIC methods, periodic boundariesare often supported in the Poisson
solwer itself, obviating the need for any special treatment [203, save the
proper discretization of elemers acrossthe boundary [11]. This author has
stil seenasymmetriesin ow simulations, usually after considerable ow
dewelopmer.

Symmetry boundaries

Baker [20]] statesthat a plane of symmetry, when used as a boundary in
a streamfunction-VIC calculation, can be de ned by assigninga constarn
value to the streamfunction on that boundary. This is becausea plane of
symmetry in a 2D ow is alsoa streamline.

2.3.2 Internal boundaries

In this section,we will look at methodsto solvwe for o wsaround solid objects
that are at least somewhatwithin the computational domain, i.e. objects
that displace uid in the domain, as opposedto simply boundariesof the
domain. The treatment of these boundariesdependson the type of soler
usedand lesson the vorticity discretization.

An immersedboundary technique is givenin Peskin[20§ for the Navier-
Stokesequations. Fogelson[209 extendsa method by LeVequeand Li [210
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for discretizing the Laplacian with Neumann (derivative) boundary condi-
tions for immersedinterfacesin Cartesiangrid solvers. The authors improve
upon the rst-order method (one-sideddi erences for the normal derivatives
and certered di erences for the interior Laplacian) by imposing a compact
(3x3x3) stencil for the derivatives, making a second-ordemmethod. Deng et
al [217] descrikesa method for solving 3D elliptical equationswith immersed
interfaces. Gilmanov et al [219 presen a second-ordetechnique for enforc-
ing boundary conditions on immersedarbitrary triangle meshesin regular
grids. Finally, Marella [213 discussegartesiangrid methods with immersed
interfaces(either uid-solid or uid- uid).

There seemto be many Eulerian methods designedto solve immersed
boundary problems[214 215 219.

Boundary Element Metho d (BEM)

To compute ows around objects, one can use any number of methods. A
boundary elememn method can be usedto satisfy the no-through- ow or no-
slip conditions for internal or external boundaries[93]. The BEM solution
can involve direct calculation, and LU decomposition for inversion of the
in uence matrix [204, 147, or involve multip ole-acceleratedmethods [44].
The simplestBEM is idertical to the early panel methods.

Boundary integral techniques can do a number of things for a vortex
method. In the inviscid case,it can solwe for the distribution of source
strength over an object in order to determine the irrotational portion of
the ow in the Helmholtz decomposition [217. From this strength follows
the pressure,and then the forces. One could corvert the pressureinto a
slip velocity by numerically integrating over the surfaceusing the following
equation

@u

@2 s
wherethe ux of vorticity is obviously related to the secondcomponert.
Alternativ ely, a BEM could solwe for the surface vorticity distribution

by setting a no-slip boundary condition, and remove the requiremen for a
surfaceintegral to be solved to determine the vorticity ux. This method
requires solving a matrix that is twice as large in eat direction, as the
surfacevorticity hastwo unknowns per panel. Spalart (\V ortex methods for
separated o ws," Von Karman Inst. for Fluid Med., Lecture Series1988-05,
1988) claimsthat in 2D thesetwo casesare equal.

1
Ug = —r gp+ t (26)
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Clarke and Tutty [21§ prese a 2D BEM for vortex methods that uses
elemeits that are 2nd order in spaceand 1st order in vorticity (linearly-
varying vorticity over a curved elemer).

Wu and Wu [219 wrote complete equations for the vorticity, vorticity
ux, compression/expansionand force on a solid- uid interface.

Marshall and Grant [38] usea combination of sourceand vortex panels.

Modern vortex codesusethis boundary integral equationmethod, namely
Ploumhanset al [37]. They alsomodi ed a method to computethe force on
a surfaceto useonly the velocity on the surface. Other modern VM-BEM
researb appearsin [52].

Beale [22( solwes elliptical boundary integral problems by determining
the strength of a double-layer potential and usesrectangular grids in over-
lapping coordinate systems.

Most importantly, strong uid density interfacesrequire the use of an
elliptical boundary integral solution to determinethe strengthson the inter-
face. Really? SeeBaker and Beale[22]]. Wang and Khoo [10§ usea BEM
to determinethe motion of an multi- uid interfacefor simulations of bubbles
underwater.

lterativ e metho ds

Instead of solving a densematrix equation, oneis able to obtain a solution
by solving a seriesof elliptic equationsfor the surfacestrength of the solid
(or free-surface)boundaries. This is also a BEM, but is constructed and
analyzedin a di erent way.

Cottet [199 preseits a method for satisfying the no-slip boundary condi-
tion on an arbitrary object in a rectangular grid. It consistsof solving for a
function g sud that solving

rz =g (2.7
yields no through- ow on the boundary:
@
@ = (r ) n (2.8)

where is the vector potential. Also addressedare shemesfor shedding
proper vorticity into the ow from theseboundaries.

Udaykumar et al [222 presen a method for solving the Navier-Stokes
equationson a xed rectangular grid in 2D around immersedboundaries,
which requiresa Poissonsolution to the pressureequation.
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Walther and Morgerthal [17§ proposesanotherimmersedboundary tech-
nique for VIC methods, but strictly in 2D.

A 3D immersedboundary method is usedin VIC calculationsby Cottet
and Poncet [49].

Albuquerque and Cottet [223 presern a method that couplesa nite
di erence and integral formulas to create an iterative method for solving
problemssud asthis.

2.3.3 Fluid-structure interaction

Fluid-structure interaction (FSI) requirescoupling betweena uid soler and
a structures solver. Many researbers have preseited results with one-way,
or no coupling. Only few have attempted full two-way coupling using vortex
methods asthe uid solver [224].

2.4 Other topics

There exist seweral peripheral topics germaneto vortex methods researt
that donot t nicelyinto any of the headingsabove. Theseinclude particle-
grid operators and the generalizedHelmholtz decompsition. They shall be
descriled in detail in this section.

2.4.1 Time integration and discretization

Most authors use 1st or 2nd order forward integration methods, and often
higher order methods for advection are not similarly usedfor updating the
particle strengths [184. This is called ux-splitting. Sometests revealed
that 1st order time steppingaccuracywas not acceptable[44]. This is likely
dueto time integration errorsin Lagrangiantrajectoriesthat may cortribute
to an inaccurate vorticity represetation. Many authors still use rst-order
stepping for their di usion routines. A 2nd order method from the Runge-
Kutta family is usedfrequertly [81], and sois the classic4th order Runge-
Kutta [98].

Di erent authors proposedi erent maximum time steps. Brady et al [87]
usesa 2nd order Runge-Kutta method with a time step limit basedon a
maximum elemen strain criterium. Other authors have usedk! k%, .
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In simulations with large density jumps (section(3.5.2 the acceleration
must be computed. Bredht and Ferrante [203 descrile a leapfrog method
that stably computesthe accelerationterm. This is dealt with more in the
correspnding section.

Fernandez[187 usestemporal grid adaptivity (multiple substepsfor fast-
moving particle) for vortex lament simulations.

2.4.2 Particle-grid operators

IMPORTANT: note the di erence between cuto functions for pure vor-
tex methods and particle-grid operators for combined Lagrangian-Eulerian
methods!

Any patrticle-grid method reliesheavily on the transfer of quartities from
the particlesto the grid and badk. Most often, the interpolation kernelsused
aretensorproducts of one-dimensionakernels. A classof theseare createdby
successi@ convolutions of the top-hat lter [184. A straightforward analysis
of theseoperatorsis givenin [11].

To desingularizethe Biot-Savart kernel, point vorticity values are con-
volved with a smoothing function that aims to replicate as many momerts
of the delta function but have a nite area/volume. The spatial order of
accuracyof a vortex method is determined by the choice of this smaothing
function.

Hald [31] preserted seeral cuto functions which emit secondorder accu-
racy. Bealeand Majda [22 presen a classof in nitely-di eren tiable func-
tions which can provide high-order accuracy Perlman [63] concludesthat
higher-orderkernelsimprove accuracyonly if the ow is smaoth enough,and
that the kernel support needsto increaseasthe kernel order increases.

Tryggvason[149 showved similar results betweenVIC methods and desin-
gularized particle methods when the blob sizeand the meshsizeare roughly
equal.

Dissipation is an intrinsically dierent procedure than regularization,
though tests [16]] have shown that the two behave very similarly in certain
cases. This is becauseregularization in a vortex method limits the magni-
tude of the velocity gradiert, which in turn prevens the stretching term from
creating the required new vorticit y.

Interpolation lters areimportant becausehey govern both placemen of
valuesfrom Lagrangianelemen to a eld, and the transfer of eld quartities
badk to the elemens. Higher-order methods for this, a generalaspect of
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hybrid algorithms, is presened in Walther and Koumoutsakos [22§, who
useVIC and PSE to include large number of solid particlesinto a ow with
2-way coupling.

In the currert researd, it is seenthat anisotropic kernels(those created
simply with tensor products of one-dimensionalkernels) create small-scale
structures that do in uence the larger scales.

In placing vorticity onto a grid (or otherwiseinterpolating it), the dis-
cretization technique drivesthe formula, with particle techniques summing
over! ; dV; (vorticity times volume), lament methods summingover ;dX
(circulation times material segmen vector), and sheetmethods integrating

i dA; (sheetstrength times area).

Particle-In-Cell

The earliest Lagrangian-Eulerianmethods [163 tied particles to grid values
basedsimply on which cell eat particle was in. Particles were considered
to have zero volume and passinstantly from one cell to another. This is
equivalent to a nearest-neighor interpolation method. This is also called
zero-size-particleand nearest-grid-pint method (ZSP-NGP) by Birdsall and
Fuss[167.

Vorozhtsov [227 studied the use of sub-cell-sizedspherical and square
particles to easethe transition of a particle from one cell to its neighbor.
Despitean improvemert in the smaothnessof solutionsto the 1-D Riemann
problem, the method still failedto accoun for any particle motion completely
within ead cell.

Cloud-In-Cell

Bi- (tri-) linear interpolation, also called Cloud-in-Cell (CIC) M,, area-
weighting, or square-particle,is the tensor product of the one-dimensional
tent function which itself is the cornvolution of two top-hat functions. It is
secondorder. 0 ixi

- x>
W(x) = . i 2.9
() 1 jxjp @ Jx] (29)
It wascreatedby Birdsall and Fuss[162 in 1969for usein plasmasimulations.
It wasthe method usedby Christiansen[166 167 in the rst VIC method.
Both Christiansenand Baker [20]] suggesthat useof theseanisotropicinter-

polation kernelsleadsto ne-scaleerror, but that the error may not seriously
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a ect the large-scalefeatures. A CIC interpolation method consenred total
circulation and linear impulse, but not angular impulse, which has an er-
ror bound given in [20]]. Brecht and Ferrante [203 usethis area-weighting
function with a digital Iter and mid-range boost to reducenoise.

2

A third-order interpolation formula created not from the family of smaooth
formulae is the third-order , [22§.
8
< 1 x2:0 x
ox)=. (1 x)(2 x)=2 : 3 X
' 0 : jx

<
<

NWN =

(2.10)
3
2

This Iter function is not smooth or even cortinuous, but still maintains the
rst three invariants. Najm et al nd that usingthis Iter for redistribution
(re-gridding) introducesspuriousnoiseinto their Eulerian calculation of the
viscousterm. Those authors usethe smaoother W, kernel for redistribution.
Similarly, Cottet et al [46) nd the same,and proposeM4' or 3, both 4-th
order kernels.

M3

Also calledthe triangular-shaped cloud (TSC), this is a secondorder interpo-
lation technique that arisesfrom successie corvolutions of the top-hat lIter
(just like CIC 2.4.2and M4' 2.4.2). The formula for TSC is givenin [229 as

8
< 1 ¢ x2 : 0 x<

Ma() = . 3c jxi+x) : } x<

0 : jxj>3

(2.11)

NIWN =

Sinceits inception, it has beenimproved via \c harge sharing," \subtracted
dipole stheme" [23(Q which setsc = 0, and a shemewherely the value of cis
chosento minimize noisein the one-dimensionakpectrum [229 (c = 17-60).

3

This is a piecewisecubic fourth order function that is cortinuous, and was
usedby Cottet et al [46] for regridding. It seemedo behave aswell asthe
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similar-stenciledM4' kernelin that regard.

8
< (I x2 jxp)=2 : 0 jxj<1

()= (1 )2 xHEB xp)=b6 : 1 jxj<2 (2.12)
' 0 : jx 2

M4

The M2 (W4) [231, 232 method is usedin smoothed particle hydrodynamics
aswell as by other vortex methods researbers.

8
< 0 : jxj>2

MXx)= . #@ XD jxj) " X 2 (2.13)
' 1 2+ 3L o

The method is not strictly positive, asare the other methods, thoughiit is C*
smooth. Evaluation of this kernel requiresknowledge of four grid points in
eah dimension,making a 64 point stencilin 3D. For that e ort, M2 rewards
the userwith fourth order accuracy

Gaussian core

Alternativ ely, a Gaussianform of the core function can be made. Leonard
[69] proposeda third-order Gaussiancore function that was later showvn to
yield a second-ordediscretization by Bealeand Majda [225. Thoseauthors
continue to dewelop kernelsof 4th and 6th order for 2D and 3D by conbining
scalingsfrom lower-order exponertial or Gaussiankernels. Hald [185 intro-
ducesse\eral in nite-order cuto functions. None of thesefunctions provide
compact support, a necessaryrequiremen for fast methods, sud as FMM
[181 or MLC [173. Ghoniemet al [81] usedthis second-ordeiGaussiancore

1
322R

2

1 '
f(r)= e "f(r;R) = e w (2.14)
on the vorticity in a 2D particle method. Nordmark [42] presens an 8th
order cuto function with compact support. Marshall and Grant [38] use
the secondform above, but state that any of a wide variety of spherically-
symmetric, doubly- di erentiable function would be acceptable.
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Peskin function

Peskin[233 proposeda sinusoidal-basedunction that wasusedlater for VIC
[96, 149 and level-set[12 (with " = 4 x) formulations. Tryggvason[96]
still noticed grid e ects in the solution, which could be dueto the rectangular
nature of the three-dimensionalapplication, or to the inherert problemsin
grid-based methods. Unverdi and Tryggvason [234 used” = 2 Xx. The

presen work usesthe rectangular 3D Peskin kernelwith " = 3 x.
4 1+cos X : jxj "
" = 2

Other kernels

Weeand Ghoniem [235 presen a remeshing Iter that accouns for viscous
dissipation.

Filter design

A proper Iter must be not only conserative, but shouldbe compact. Strict
positivenesdimits a Iter to secondorder. Allowing a kernelto go negative
lets you create Iters of arbitrary order. The M4' method [23]] is third-order
accurate.

It wasshaown by Fureby [234 that only Itering operationswith rotational
symmetry will presene material frameindi erence, which is a desirableprop-
erty of a subgrid model. A ltering of the vorticity eld in wavespacecan
provide this sphericalsymmetry (shown by S. S. Wang, Ph. D. thesis, Stan-
ford University Institute for PlasmaResearb Report 710,1977).

Couet [22] claimsthat the grid dissipationin a VIC method is equivalent
to LES-like subgrid-scaledissipation and usesa cuto Iter in Fourier space
to smooth the aliasing created by rectangular interpolation kernels. The
problem with calculating in Fourier spaceis that only periodic boundary
conditions can be used|no internal boundariescan be presen unlessthe
method is modi ed. The advantage is that the Itering of high-waverumber
details is equivalert to subgrid-scaledissipation, or regularization (really).

Bealeand Majda [225 designcore functions with arbitrarily-high spatial
order.

Fureby [239 statesthat a true SGSmodel must be frame- and Galilean-
invariant, and thusrequirea Iter kernelwith rotational symmetry, but that
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discretizingthe LES equationsonto a xed grid breaksthe rotational symme-
try and reducesthe relianceon a spherical Iter. Are thesesameargumerts
valid for a vortex method?

Se\eral simplerulescanbe usedin Iter construction, they are presered
frequertly in the literature [46, 184

Filter comparison

Tryggvason[149 compare<Lhristiansen's[164 4-point Iter to a moreisotropic
2D lter basedon the work of Peskin [233, which consistsof a product of
two 1-D cosinefunctions.

Winckelmansintroducesa high order algebraicsmaothing [36] that is of
order equalto Gaussiansmaothing kernels.

Ebiana[237 discussesiumerical Iters for VIC methods, but only studies
2D interpolation, and studiesno spherical Iters.

Mans eld, et al [239, in his study of particle lters and their usefulness
for LES, de nes a standardized Iter size,and doestwo-leel Itering for LES
with particle Iters insteadof grid Iters.

2.4.3 Domain decomp osition

All fast velocity ewvaluation methods group individual elemets together to
facilitate faster computation. In addition, many computational methods re-
lated to Lagrangianmethod require quick seartiesof nearby elemerts, sud
asdi usion, or remeshing.In this section,we will discussthe variousmethods
usedto subdivide the spatial domainin Lagrangianvortex methods.

Regular subdivisions

VIC methods have traditionally grouped elemers (more correctly their prop-
erties) onto a rectangular xed grid. This facilitates solution of the Poisson
equationusing a method basedon FFTs. Thereis no reasonthat VIC meth-
ods cannot use multigrid solvers for this solution, in which casean octree
domain decompsition method may sene better.

Someauthors t a conformalgrid to the surfaceof their model and solve
the Poissonequation (or Navier-Stokes, or di usion equations)on it.

41



Hierarc hical subdivisions

FMM and treecale algorithms make extensive use of hierarchical binary or
octree domain decompsition methods, esgecially insofar asthe methods are
commonly createdfor parallel computers.

Binary tree A binary tree represetation subdivides any group along a
speci ¢ (and usually axis-aligned)plane into two equal-sizedgroups. A box
represeting the initial (parent) group is saved, along with boxes for|and
links to|the two new (child) groups. At the nest level, eath box/group
should cortain the samenumber of elemens (usually 30-500).

Quad-tree or oct-tree (B-tree, or N-ary tree) An octreediers from
the binary tree in the respect that a parernt box is subdivided into 8 child
boxes, usually by geometrically bisecting a cubical volume that cortains all
of the box's elemerts. As a result, someof the 8 child boxes may have no
elemens at all, and the nest level of boxes will not have an equivalert
number of elemerts. In fact, the depth of the tree will vary throughout the
domain, depending on elemei density. An advantage of this method is that
neighboring boxescanbe determinedalgorithmically, sometimesvery quickly
by using a hashtable (Warren and Salmon?).

Box shrinking In both cases,a group's box can be shrunk down to the
minimum bounds necessaryto cortain the group's elemens. This o ers
a signi cant advantage, as the box opening criterion in many FMM and
treecales depends on the ratio of the box's sizeto the distance from the
box certer to the target. Greater accuracyor faster run times result. This
method was introducedby Clarke and Tutty [21§.

Clarke and Tutty [21§ presens a binary tree that shrinks boxesat eadh
level, beforesplitting to createthe next level. The samemethod is usedagain
in 2D [239 and extendedto 3D [19Q 82].

2.4.4 Vorticit y divergence

Move this to "particle" section.
Are there two kinds of vorticity divergence? (initial discretization and
changedue to stretch)
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Generally a particle represemation of a vorticity eld is not necessarily
divergence-fred24(d. \Relaxation" methods have beendevisedto courter
this behavior, and can take one of a number of forms [241, 36, 44]. The re-
laxation method in [36] doesnot consene energy helicity, or angularimpulse
until a PSE schemefor vorticity di usion is added. Marshall and Grant [38]
solve a global matrix equation to resetthe particle strengthsto recreatea
divergence-freevorticity eld.

Marshall and Grant [38] commern on vorticity divergence(and it seems
that they do not separatethe two sourceof divergenceaslisted above). Any
eld canbe madedivergence-fredy subtracting the gradiert of an unknown
scalar eld. For vorticity, this unknown scalar eld may be non-zero,but still
doesnot enter into the velocity calculations! It would, howewer, a ect the
vorticity ewlution equation. Despite that, the authors comparesimulations
idertical in every respect save for the addition or omissionof their divergence-
free vorticity step and determine that the results are nearly idertical. The
numerical algorithm with divergen vorticity (and the one most commonly
used)can be shovn to consenre vorticity divergenceto rst orderin t.

Vorticity divergences cortained in recen calculations,but is nevertheless
presen [37]. Nontheless,mathematically, both VIC formulations (vorticity-
streamfunction and vorticit y-velocity) return divergence-freevelocity elds
from non-divergence-freevorticity elds.

Chatelain and Leonard [55 mertion divergenceerror in their particle-
basedredistribution scheme. Their errors are on the order of 1:0e 2.

2.45 Computing deriv ativ es

How doesone do this in a Lagrangian calculation? The PSE sdheme must
calculate derivatives, Eulerian sdhemescan use nite di erences on a grid.
Eldredge[249 preseits a method for deterministic treatment of derivatives
in particle methods.

An additional complexity involves calculating derivatives of a quartity
on a surface,especially a triangulated surface. Think of the surfacetension
e ect.

Just as the VIC method usesa temporary grid to determine the ow
velocity, someparticle vortex methods use a temporary, superimposedgrid
to perform somecalculations. Marshall and Grant [38] and Liu [39] usea grid
to compute stretch. Others have usedgrids to compute vorticity di usion
[4Q].
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2.4.6 Generalized Helmholtz decomp osition

The generalizedHelmholtz decompsition (GHD) links the boundary condi-
tions and interior volumeofa ow. It contains integrations over the vorticit y-
cortaining volume of the ow and over the vortex-sheet-strength-cotaining
boundariesof the ow.

)(u(x)  (x) n)= d(y) (2.16)

It is usedin Ingber [243 to solwe 2D thermal o ws inside enclosures.Refer-
encescan be found therein.

%d(y).k

u(y) n(y)
r r2

2.4.7 Diagnostics/Conserv ed gquantities

There are a number of ow quartities whosevalue should remain constart
throughout the ow's ewlution. These are often useful indicators of the
accuracyof a simulation and their conseration is equatedwith validation of
a numerical scheme.

The invariants of an inviscid o w with no energyinput arethe circulation,
linear impulse, angular impulse, kinetic energy and helicity. Additionally,
the volume enclosedby the tracked front should be constart. Many of these
ow invariants can be easily calculated via summations over the vorticity
eld accordingto the following relations [65, 35|

z

P = i dx (217)
\%
lZ
I = - x 1 dx (2.18)
2y
lZ
A=—- x x ! dx (2.19)
3 v
Z
H= u ! dx (2.20)
\%
Alternate expressiongappearin [36].
Enstrophy,g = % I 1 d, isnotconsered, but is related to kinetic
energy E = % u ud, isthe following way [192.
dE .\
i 2 (2.21)
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Kudela and Regudi [178 shav worst-case nal energy error and total
helicity of 40%and 10 2 for a 3D inviscid method with very small step sizes.
Cottet [184 also reports errors, but with a 2D viscousmethod. Complete
presemations of theseand other errors appearin Brady et al [87] and Stock
[244. Thesenumbers are infrequertly reported.

A measureof numerical di usion emergesrom the relationship between
energyand enstropty, and is givenin [49] as

1 dE
ef f ective — > dt (2.22)

2.4.8 Forces on bodies

Seeral methods exist for computing forceson bodiesin vortex ows. The
canonicalmethod considersderivativesof the linear impulse:

z X
x!o|v=OIl X i (2.23)

F
- T N i
v dt 2

NI =

d
dt

A method that will return the forcesand momerns on individual bodies
from a collection of bodies relies on being able to de ne cortrol volumes
in the uid domain around eat body. The lengthy equation, given in [37]

from an earlier paper [249, requiresderivatives of the velocity gradiert. A
summary of methods appearsin [244.
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Chapter 3

The Vorticit y Equation

The curl of the compressibleNavier-Stokes equation (and a more complete
versionof the vorticity ewlution equation) is called the Helmholtz equation,
and is

@ _ 1
& 1D ) S0
@ 18 ey L Yl e

advection vortexstr etchmg dil atation

baroclinic
+—(r r 1) %r r(rou) -
b
( L o )
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which is an expansionof this simpler form

1
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baroclinic
1
—r : (3.2)

+ fo +r
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exter nal f orces

}

viscousdif f usion

Introducing the material derivative, and simplifying the viscous di usion
term for the caseof a Newtonian, incompressible uid with constant kine-
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matic viscosily ( ), we have the commonvorticity equations

%=%+(ur)!=(! r)u+£2r rp+r fot 1 (33)

which in the absenceof viscosity (Euler limit) and other external forcesbe-
come

Q@ _ 1
@_ | (U{ ) } | r)li |_(Z_u?+ 2(r{z r p; (34)

baroclinic

advection  vortexstr etching  dil atation |

A formulation more amenableto vortex sheetmodeling is the ewlution
equationfor vortex sheetstrength (eqn. 3.16in [89)).

D PV PV

— = r_u P r u +2An a + n r (35
e T, S talin 2 P

sur f acetension

str etch dil atation baroclinic

The idertical formulation for the circulation is asfollows (egn. 3.15in [89)).

D D PV 1 1. .
Dr = 2A o Ut Uit g x +———2n (36)
| {2 | {zZ )
baroclinic sur f acetension

3.1 Vortex stretc hing

In the basicthree-dimensionalvortex particle method, the vortex stretching
term is accourted for by calculatingr u at the location of the particle. This
hasbeenshown to createvorticity elds that are not solenoidal. Alternativ e
methods have beenproposedto rectify this problem. Cottet [184 providesa
summary of thesemethods.

Knio and Ghoniem[72] comparethe transposesdemeto the non-transpose
sthemeand nd that the non-transposesdiemeworks better, but that was
causedby the relatively low number of large-coredelemens in the simula-
tion. Other simulations done using higher-order smaothing functions [33]
have found the transposesdemeperforming better. Mixed schemescombin-
ing both have beenproposed[72, 184.
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Knio and Ghoniem[86] usetwo di erent methodsto computethe stretch
term. In simulations without a baroclinic sourceterm in the vorticity equa-
tion, the stretching term is computed basedon the changein length of the
sidesof a rectangular elemen that are oriented parallel to the vorticity vec-
tor. When a densily interface exists, the r u term is found by analytically
di erentiating the desingularizedBiot-Savart law.

Alternativ ely, vortex lament and vortex sheet methods automatically
includes the e ects of vortex stretching and generatessolenoidal vorticity
elds.

3.1.1 Particle discretization

The interaction between local vorticity vectors and the velocity gradiert
causesvorticity stretch, a term in the three-dimensionalvorticity ewlution
equation. While lament and sheetmethods intrinsically satisfy this term,
vortex particle methods must apply it to ead particle. This calculation can
usea nite-di erence appraximation (Bealeand Majda proof [29] and method
[32]), or can be calculated by di erentiating the regularizedvelocity kernel,
aswas rst proposedby Anderson and Greengard[247, proved by Beale
(transposemethod) [33], and demonstratedby Fishelos [57]. VIC methods
have an intrinsic advantage in that the vortex stretching can be calculated
directly on the temporary Eulerian grid, as shovn by many authors, lately
Liu and Doorly [39], but also[3§].

Vortex lament [12, 69, 71] and vortex sticks (early papers by Chorin
[28]) use an eleme-wise approad to nd the velocity gradiert along the
vorticity vector. For singular particles, it is shavn that the transposesdieme
works best numerically [36].

Bredht and Ferrante [202 track connectivity betweenparticlesin order to
maintain volume/areaand, thus, implicitly update the particles' strengthsto
accourt for vortex stretching. Any schemethat maintains connectivity can
do this on an element-by-elemen basis. Is this for real? In [203 it appears
that they do nothing of the sort.

3.1.2 Filamen t discretization

The changein a lament's total vorticity due to vortex stretching is auto-
matically accouned for if the circulation is held constart and the lament
elemer is connectedto its neighboring two elemeits via two commonnodes.
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3.1.3 Sheet discretization

The changein a triangular elemert's total vorticity due to vortex stretching
is automatically accoured for if the circulations on the elemen edgesare
held constart andthe triangular elemen is connectedto its neighboring three
elemerts via three commonnodesand edges.

3.2 Diusion metho ds

Dissipationis anintrinsically di erent procedurethan regularization, though
tests [16]] have shown that the two behave very similarly in certain cases.
This is becauseaegularizationin a vortex method limits the magnitude of the
velocity gradiert, which in turn preverts the stretching term from creating
the required new vorticity. This sectionwill descrike di usion methods, as
regularization and its e ects are coveredin section2.2.1

Chorin descrikes the \arti cial viscosily" imposedby regularization in
[19], and in that work it was imposedto eliminate the singularity in the
vortex sheetdescription.

The needfor somedi usion model is greatly enhancedby the additional
physicsof three-dimensional o ws. Vortex stretching can produce extremely
high, intermittent, local vorticity magnitudes. If a model doesnot regularize
or dissipatetheselarge vorticity gradierts, it will produceunphysical results,
or fail to cortinue altogether.

A viscousdi usion or subgrid dissipation model can take the form of
either a) damping of the geometry of the smallest details in the resohed
ow, or b) damping, reducing, or exdhanging the strength of elemeirts.

Two-dimensional o ws can survive aggressie vorticity manipulation and
return similar dynamics. 3D o ws have no similar exibilit y.

Good discussionsof competing methods are found in Shanlar [248 and
Gharakhani[93)].

A righteously awful method [249 consistsof limiting the maximum vor-
ticity for ead vortex particle basedon the expectedmaximum o w vorticity
for the given Reynoldsnumber.

Lozanoet al [88] includedanarti cial viscosity term in the vortex strength
ewlution equationssimply to smaoth the unstable advective terms.

Most sthemesfor viscosity in vortex methods usea technique called\op-
erator splitting” [250, which numerically splits the vorticity update equation
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into separatecorvection and di usion steps.

3.2.1 Random walk

The RandomVortex Method (RVM) wasintro ducedby Chorin [25Q to study
slightly viscous o ws. The RVM usesa Wiener procesgo perturb the motion
of eat vortex particle, which simulates di usion of vorticity. It is easyto
implemert in owswith solid boundaries. Leonard[12] referenceswork that
showns that to achieve accurateresults of viscousdi usion, the RVM requires
a large number of particles comparedto the Reynoldsnumber. The method
was proven to corvergeto the heat equation by Hald [25] and by Puckett
[252.

A random-walk method is usedby Gharakhani and Ghoniem [204 93].
Savoie, Gagnon, and Mercadier [17]] also used the random walk method,
but to compute the starting ow behind a two-dimensionalstep. A numer-
ical study of the corvergenceof this method in two dimensionsis presened
by Mortazavi [253. That paper contains referencesto a number of other
studies of RVM's corvergence. A two-dimensionalrandom vortex method
is usedby Gagnon[254 to simulate the ow over a single badk-facing step
and a double symmetrical badkward-facing step. Turbulence statistics and
dominart frequenciesare comparedto real o ws. Abdolhosseini172 studied
the turbulence statistics in a uniformly sheared o w with a two-dimensional
VIC method using RVM. The resultsweren't good. The sametechnique was
usedfor the spatially-growing mixing layer [255. Other usesappearin [143.

Marshall and Grant [256 construct a di usion velocity method for ax-
isymmetric ows. Milane [257 usesa di usion velocity method to compute
LES solutionsin a 2D mixing layer.

The problem with RVM is the sameaswith VIC: there is regularization,
but the elemelts do not changetheir strength. That is the inherert problem
that is solved by PSE, VRM, and other newer methods.

Additionally, the RVM su ers from low-order non-uniform corvergence
due to its stochastic character.

Discussionswith Gharakhani reveal that RVM can intro duce unphysical
small-scaleoscillationsin the solution.
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3.2.2 Core-spreading techniques

Kuwahara and Takami [20], in an early point-vortex method, used vortex
blobs with spatially-varying cores, the goal of the latter was to simulate
viscousdi usion. Leonard[12] later usedthe method.

The core-spreadindechniqgue derivesfrom the solution to the two-dimensional
Navier-Stokes equationsin vorticity coordinatesfor the initial conditions

F(r;0)= o (x) (¥): (3.7)
In this case,the Navier-Stokesequationsare simply
@ 2
— = r“l: 3.8
@ (3.8)

The exact solution for the ewlution of the total circulation is
= o1 e"”™Y (3.9)

Thus, one can appraximate the deca of a 2D vortex particle or a 3D vortex
lament by reducingthe e ectiv e circulation or increasingthe e ectiv e radius
of the lament/particle usingthe solution above.

While this method cortains numerical inconsistencies(Peter Bernard's
wording), or that core-spreadingappraximates the wrong equation [25§, in
the limit of anin nite number of particles (Moeleler's wording), those prob-
lemscan be correctedby instantaneousrecon guration of large vortex blobs
to thinner ones[259.

Advantages of the core-spreadingtechnique are summarized in Rossi
[259, primary is their fully-deterministic character, lack of relianceon oper-
ator splitting, and freedomfrom ow geometryconsiderations.

A vortex sheetanalogof core-spreadings demonstratedin Tryggvasonet
al [159, which useda quasi-1Dmethod deweloped for mixing and combustion
[26Q 267 calledLIM. This is alsodescrikedin sectionlll of Beigie, Leonard,
and Wiggins [263.

3.2.3 Hairpin removal

Hairpin removal is a renormalization processby which small-scaledetail is
removed via a local mesh redistribution algorithm. It was introduced by
Feynman [263 in 1957, and elaborated upon by Leonard [68] and Chorin
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[264 269, ewertually being extended[26§ with a renormalizedBiot-Savart
interaction to account for the hairpin removal. Leonard [68 suggeststhat
the bookkeepingwill be troublesome.

Fernandez[187] utilizes a similar method, called\ lamen t surgery" with
aparalleltreecadeto study the vortex collapse-reconnectioprocess.Thereis
alsoa good description of the early dewelopmen of the method of remeshing
via merging.

This viscous-lile shemeis most closelyrelated to the current method of
mergingin vort3d.

3.2.4 Particle Strength Exchange (PSE)

Also called \circulation redistribution" methods, theseare deterministic, as
opposedto stochastic, procedures.Thesewereintroducedby seeral authors,
see[248 for details. Mas-Gallic [267] rst proposedthis method in 1987.

Degondand Mas-Gallic investigatedi usion operators for particle meth-
ods in rigorous detail for isotropic [26§ and anisotropic [269 viscosil. This
is the origin of PSE, and theseauthors are commonly credited with its cre-
ation. In this scheme,the di usion operator (the Laplacian) is approximated
by an integral operator, which is in turn discretizedover particlesin the local
area.

A related deterministic method was introduced by Fishelor [27Q which
alsoreplacedthe di usion operator by an integral one, but due to its con-
struction can support higher-ordercuto functions.

The Particle Strength Exchange(PSE) model [36] is a method to accourt
for viscousdi usion in a particle vortex method. It is a correctionterm to
eah particles' vorticity, and is usually calculated as a separate step, via
operator splitting. It hasbeenshown to be a weak solution to Navier-Stokes.

@ E - X | h | h h h
@ " (Vo' ¢ Vol p) "(Xq Xp) (3.10)

q

This equation governsthe exchangeof vorton strength v! ", the product
of vorton volume and vorticity, between neighbors basedon a viscosiy
cuto function and radius".

Variable-core-sizedortex blobscanbeaccommalatedin the PSE scheme
by remappingthe variable blobs onto uniform blobs. This is rst mertioned
in [46], and appearsin [184].
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Cottet [10] remeshedefore the di usion stepin orderto avoid quadrature
errors.

Eldredge [249 extendsthe PSE sdiemeto create a generalmethod for
nding derivativesin particle methods, including one-sidedderivatives for
usein hyperbolic problems.

Other authors have usedthe PSE sthemein their vortex particle compu-
tations [197.

3.2.5 Vorticit y Redistribution Metho d (VRM)

VRM [248 isdi erent from PSEin that it canconsene momerts to arbitrarily-
high ordersof accuracy can Il holescausedby excessstrain, and does not
require remeshingof the particles on to uniform grids to maintain accuracy
It doesthis by solving an under-det%minedsystem of equationsfor the N
closestparticles within a radius of C'  t. The systemis asserbled by re-
quiring local conseration of circulation and momena. If a solution is not
achieved, particles are added, and the problem is restated and a solution is
attempted again.

Shanlkar and van Dommelen[248 proposea related vorticity redistribu-
tion method that limits the maximum distancethat the circulation of avortex
canmove. It requiressix local vortices for rst order accuracy and more for
higher orders. Unlike the sthemesof Fishelos [27( and Mas-Gallic [269, this
schemeattains positivity (no falsereversedvorticity is ewver created). Their
method is slow, though|on the order of the convection calculation.

Both VRM and PSE rely on e ectiv e seart strategiesto identify all par-
ticleswithin a givendistance(say, r) from apoint. Proper spatial subdivision
and useof seart treescan cut this down to O(logN) time per seart, where
oneseart must be donefor eat particle. One possiblemethod to speedthis
up would be to perform a large seart for all particleswithin ar +  radius,
and usethat list for the VRM calculationsfor all particleswithin a  radius.
Thus, the seart is di erentially larger, but the results of the seart can
be reusedfor as many particles exist in the -radius sphere. Other seard
strategiesinvolve organizing the data within ead brandch of the tree along
its principal axis [271]].

VRM is usedin 2D ow over a cylinder [239. Lakkis and Ghoniem[272
useVRM with variable coresizesfor conmbustion simulations of a vortex ring.
A higher-order VRM is descrited in Gharakhani[273. VRM is usedin the
cortext of LES by Gharakhani[274.
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3.2.6 Free-Lagrangian metho d

Detailedin [273, this method calculatesthe di usion of a number of vorticies
by constructing a Voronoi diagram and calculating nite di erences between
neighboring regions. The method is only weakly rst order and requires
uniformity amongthe particle positions.

Seealso[276 277, 10§.

3.2.7 Eulerian form ulations

Instead of complicated particle operators, one could solve for the di usion
term in the velocity or vorticity equation explicitly on an overlaid Eulerian
grid (r 2!'). This method may have been rst usedwithin a 2D VIC method
by Graham [27§ An easierreferenceto acquire is Najm [40], 1993. This
method lendsitself to VIC methods, and other methods wherethe particles
are reassignedperiodically to a regular grid.

Cheng[177 usesa \di usion-v ortex" sdeme,proposedby Lu and Ross
[279 in 1991,within a 2D VIC solwer to solve for ow over acircular cylinder.

VIC methods have an intrinsic advantage in that many terms in the
vorticity equation can be calculateddirectly on the temporary Eulerian grid,
asshovn by many authors, lately Liu and Doorly [39).

Ould-Salihi [11] suggestghat while 2nd order interpolation operatorsare
adequatefor pure VIC methods, they createunacceptablenumericaldi usion
when usedto explicitly solwe for di usion on a grid, or to be usedin vor-
ticity boundary conditions. A 3rd order interpolant is usedfor the vorticity
becauseits Laplacian is later calculated by nite di erences. Even though
this method is not consenrative, the regularity imposedby the regridding
step senesto make the lack of conseration not noticeable. Najm et al [43]
found very much the samething, but earlier, in their FMM calculationsfor
reacting ow modeling. They found that the third-order (but C, cortinu-
ous) , interpolation kernelintroduced spuriousnoisein the viscoussource
terms (which used3rd order derivatives), and were forcedto upgradeto the
smoother W, kernel [233.

Akbari and Price [20( use a second-orderADI scemefor the di usion
term and a 2D VIC method for the corvection term in their simulations of
an oscillating wing section.
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3.2.8 Other metho ds

Cottet [9] usesa remapped grid, in which certain areashave higher (near
boundaries) or lower (far- eld wake) grid density, for particle remeshing.
They claim that that this is equivalent to Ghosaland Moin's [28( spatially-
varying LES lter sizes.

3.3 Large Eddy Simulation (LES)

Just asthe Navier-Stokesequationsin velocity form (1.1:1.3) canbe split into
grid-resoled and subgrid scales so, too, canthe vorticity equation. With an
overbar represeting a ltered quartity, the Itered vorticity equationis

DT, _ @
—Dtl =T roi+ rAn+ @J( ij i); (3.11)
with
J=Tm T (3.12)

represeting the Helmholtz, or vorticity, stresses.

Somevortex methods, by their construction, exhibit sub Iter-scale dissi-
pation. Most are able to accourt for it explicitly.

Chorin [266 discusseghe microstructure of vortex laments. Moeleler
and Leonard [54] introduce a tensor-di usivity subgrid-scalemodel for the
incompressiblescalar advection-di usion equation, but it seemslike all of
the problemsthat prompted that method are addressedoy LIM. Couet [22]
claims that the grid dissipation in a VIC method is equivalent to LES-like
subgrid-scaledissipation and usesa cuto Iter in Fourier spaceto smooth
the aliasing createdby rectangular interpolation kernels.

Mans eld et al[48], proposesa Smagorinsky-equiglernt subgrid-scalanodel
for the Itered vorticity equations. It shows that if the Helmholtz stresses
are represeted as

@
i = T —@j' (3.13)
wherethe eddy di usivity 1 is
q
T=(cr )? 25;S; (3.14)
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and the constart in the eddy di usivit y equation can be takenascr = 0:15,
similar in magnitude to the Smagorinskymodel in velocity variables, then
the ewlution equation for vorticity is
!
L—1._rUi+ S @ @,

Dt @@ @

(3.15)

The authors alsomertion the following.

Note that j; represems subgrid-scalevortex stretching and tilt-
ing due to unresoled motion, while j; re ects vortex transport
by subgrid-scalevelocity uctuations.

Mans eld et al[23§, proposesa dynamic eddy-di usivity LES model in
the vorticity variables basedon two-lewel Itering of the vorticity eld and
comparesvortex methods to spectral methodsin a simulation of homogenous
isotropic turbulence. The stheme usesan eddy di usivit y model that, by
construction, createsno sub lter torque.

More applicableis Cottet [281], which intro ducesa Lagrangianmethod for
LES consistingof an anisotropic and less-di usive method. The work lever-
agesthe truncation error normally producedby unremeshedsortex methods.
Using the vorticity formulation of the Navier-Stokes equations, Cottet et al
[283 descrike two new LES formulations, one basedon the vorticity angles.
Vortex methods are not used?

Gharakhani [274 preseints an application of the vorticity redistribution
method [24§ for large-eddysimulation.

Milane [257 usesa di usion velocity method to compute LES solutions
in a 2D mixing layer.

A large questionremains: how doesone accommalate the subgrid-scale
modeling of a sheetof discortinuity? It is even possible? Lundgren et al
[283 make an interesting obsenation:

The roll-up of unstable Helmholtz vorticies [has] e ectively pro-
duced a thicker interface... It is our point of view that by com-
puting with larger [valuesfor Krasny's] we simulate the e ect
of averagingover these "turbulent’ uctuations.
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3.4 Vorticit y creation at walls

If viscosity is presem in a ow, all solid boundaries are eligible sites for
vorticity creation.

3.4.1 Euler limit

To support inviscid internal boundaries,onenormally hasto solwe a Bound-
ary Elemert Method solution, with the constraint of zeronormal o w through
any solid surface.

Note that the inviscid caseis di erent that the limit of viscous ow as
re! 1, orthe Euler limit. In the Euler limit, no-slip is still imposedon
a solid surface,and a boundary layer of thickness ! 0 is formed on the
surface.Wu [197] says that the jump acrossthis thin vortex sheetis di erent
than the jump acrossthe solid surface.

Theseinternal boundariescan be madeinviscid. Even so, it is still possi-
ble to introducevortex sheddingo sharp edgesvia a thin layer of vorticity.
This mimics viscoussheddingat high Re. Boundariesin inviscid ows do
not normally create vorticity in a ow. The ow slips perfectly over the
boundary:.

The method of imagesis an inviscid method for boundary treatment, but
only works for at or sphericalboundaries. It is usedfor calculation of eld
velocities, not for determining the strength of the shedvorticity.

Scorpio[284 usedFMM, but only to acceleratea BEM calculation, and
not for a vortex method. He did do it for a free-surfaceproblem, though.

An additional concernis the pseudo-viscousapproximation of creating
layers of vorticity whereseparationand sheddingwould take place(to satisfy
the Kutta condition at trailing edges). Leonard [12] referenceghree works
that addressthis. In addition, extensiwe discussionappearsin [196 184].

Freevortex laments are shedfrom propeller bladesin Politis [83].

3.4.2 \Viscous

The treatment of viscousboundariesin a vortex method is done either by
de ning, at the boundary, special sheetsor tiles of vorticity which stay at the
boundary and di use their vorticity to free elemerts, or by directly shedding
their createdvorticity on to the free elemerts (usually particles).
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Lighthill [283 introducedthe \v orticity sourcestrength,” or later called
the \b oundary vorticity ux,” per unit time and areaasthe product of the
kinematic viscosity the the normal derivative of the vorticity: (@ =@).
Applying the tangertial componert of the Navier-Stokes equationsto the
rigid wall, one can seethat this ux alsoequals(1= )(@=@).

Chorin [25(Q introducesa method for creating vorticity at boundariesand
proposesa split sdhemefor handling boundariesand di usion togetherin a
vortex method. The choice of placemen of the initial di usion of vorticity
away from a wall was also studied. Leonard may have beenthe rst to use
vortex sheetsto represemn boundary layers [286, these layers separateto
form free vortex laments in the wake. Chorin [1429 was also the rst to
proposeusing vortex sheetsto represen the boundary layer, this leverages
the boundary layer appraximation that tangertial derivativesare of smaller
order than normal derivatives. These vortex sheetsare generatedand a
random componert addedto their motion to simulate viscosity [28]. Fishelos
[57] combined that with a purely Lagrangianmethod for solving for velocity
gradierts in order to solve for the ow over a at plate.

Fishelos [57] usesa vortex particle method to solve for the ow over a
at plate using the vorticity form of the Prandtl equationsfor a thin layer
0 z 2z (the tile model, using sheets),and of the Navier-Stokesequations
outside of that (the random-wvortex method).

A simple method of adding vorticity due to ground interferenceinto an
axially-symmetric ow is givenin [283.

Alternativ ely, a viscousboundary will createvorticity at its surfaceand
releaseit into the ow. Methods must be createdto allow the creation of
vorticity of proper strength and position at ead time step. A regarded
implemertation for viscousboundary conditionsis from Koumoutsakos et al
[287. A good summary of methods createdto solve this problem appearsin
[93.

Bernard [9]] adapted Fishelos's sthemefor boundary layer ows to use
a vortex sheetmethod. Bernard [92, 144 usesa conmbined sheet/ lament
method to discretizethe vorticity in hiswall-bounded o w simulations. Many
authors use discretized bound vortex sheetelemeits in the computation of
2D and 3D boundary-layer ows to track vorticity di usion into the uid
[91, 92, 93].

Winckelmans[44] proposesa method for this. An ertire chapter in Cottet
& Koumoutsakos [184 is dedicatedto the treatment of viscousboundaries
in vortex methods.
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Szunbarski and Wald [288 found a way to eliminate non-physical pres-
sure elds which imposesadditional constrairts for vorticity production at
the boundary.

Buron and Perault [289 presen a vortex method that is basedon a xed
grid of triangular prisms, it usesa traditional BEM to solwe for doublet
strength.

Flexible immersedboundariesin a two-dimensional uid are addressed
by Cortez [129 via impulse blobs.

Ploumhansand Winckelmans[53] alsocorrectsthe PSE in the vicinity of
a boundary to avoid spuriousvorticity ux during the convection/PSE step
(2D).

Ploumhans[37] modi ed the PSE sthemefor di usion in the presenceof
solid boundaries(3D).

Ould-Salihi et al [11] descrikes a viscoussplitting algorithm (seerefer-
ences)to solwe for the viscosity boundary condition which involvestwo ap-
plications of the PSE stheme.

3.5 Baro clinic generation

A pure vortex sheetis a special classof interface that exhibits no surface
tension or baroclinic sourceterms, and, thus, maintains a constart vortex
sheetstrength over its ertire surface. That restriction is broken here, too,
by the inclusion of theseterms.

The portion of the vorticity ewlution equation/3.1 relevant to baroclinic
generationdue to density variation or shack passagéds

% = iz(r rp ! (r u); (3.16)

or, without the pressurevariable [29Q:

D! _ 1. Du

ot ﬁ+ g F(r u); (3.17)

and for incompressibleo w, assigningA = 2, we have

2t 1

D Du .
Dt 2AnN Dt g : (3.18)
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In this section, mixing will be ignored. All fronts shall represen pure,
immiscible interfaces.

Extensive formulations for interfacial vorticity dynamicsare given by Wu
[197. In particular, Lugt (ref 11,12in Wu) noticed that the surfacevor-
ticity does not provide information about the rate of boundary vorticity
ux. Wu statesthat for Re 1, solid-wall boundary vorticity and vorticity
uxes of O (Re!*?) and O (1) must appear, but that for interfacial uid- uid
boundaries,thesereduceto O (1) and O (Re ), respectively. This is why
potertial- o w theory for water wavesworks well.

Multi uid researt is commonoutsidethe eld of vortex methods.

The problem of density strati cation solved by a vortex sheetis remark-
ably similar to that of the Sa man-Taylor instability in Hele-Shav cell ow
de ned by a viscosiy discortinuity (instead of the Atwood ratio-de ned
density discortinuity), with the exception being the absenceof an integro-
di erential equation. In this case,the Atwood number is replacedby the
mobility ratio, and standard VIC methods can produce results [291, 297.
This was rst pointed out by de Jong [293 in 1960,and rst simulated by
Meng and Thomson|[56] in 1978. Tryggvasonand Aref [291,1294 useda VIC
formulation to simulate the ow for arbitrarily-large valuesof the viscosity
\A twood ratio”. Another presemation of theseformulasis in Hou [295.

A particularly interestingaspect of computational sheetmethodsfor ows
with uid discortinuities is the motion of the sheetmarkers. Zuria [2964,
and initially Baker et al [297], points out that the marker motion can follow
the upper uid, the lower uid, or any valuein between. The choice of this
parametera ects the form of the vorticity ewolution equation. Pozrikidis [89
usesthis parameterfor the 3D equations.

The mathematics of vector calculus on a surfaceis summarizedin Wu
[197, (Appendix A).

3.5.1 Weak strati cation

The kinematic equationsfor the vortex sheetstrength rst appear (where?).
Weakly stratied ows arethosein which the full equationsof vorticity gen-
eration are modi ed by the Boussinesgapproximation, that g! 1 and
Al 0, but Ag remains nite. This can alsobe descriked as assumingthat
the pressurecan be treated to only rst order (r p= o9+ O(rp—o) [203.
First introducedin VIC formulations by Meng and Thomson [56] for the
simulation of a buoyant cylinder and gravity current, and alsousedby Meng

60



[299 in a strange fashion. The sameformulation was usedfor the Taylor-
Sa man instability of ow through a porous medium (a problem frequertly
appearingin the literature [293). Anderson[299 usesa direct method with
exponenial corefunctionsto compute a 2D thermal.

Simulations of a vortex ring impinging on a density interface appear in
Dahm, Sdeil and Tryggvason[30Q, and even thought the Atwood number
is small, there are somesigni cant dynamical di erencesin the resultswhen
the circulation density changes. This is due to the tests having di erent
Froude numbers (ratio of hydrodynamic to hydrostatic pressuregradierts).

3.5.2 Strong strati cation

Solution of a free-surfaceproblem (the extreme exampleof strong strati ca-
tion, but including essetial featuresof all strong strati cation methods) in
the Lagrangian senserequiressimultaneously solving for the position of the
free surfaceand the dipole (vortex) or sourcestrengths. The choice of the
surfaceelemen type and the boundary condition required (Diric hlet or Neu-
mann) determineswhether the problem to be solved is a Fredholm integral
equation of the rst or secondkind. SeeWu [197] for a discussionof these
types of boundary conditions for wall and free surface ows. SeeBaker et
al [297) for the classi cation of Fredholm equations. The boundary integral
equationthat usesvortex sheetstrength asthe unknown and satis esthe tan-
gertial no-slip condition is a Fredholm equation of the secondkind, and that
there is a globally convergent Neumann series,thus an iterative solver will
be e ective. On the other hand, a BIE which usesthe normal ux condition
on the boundary (and vortex strength distributions) is a Fredholm equation
of the rst kind, and can lead to ill-conditioned systemsof equations[184].

An alternative to using boundary elemen methods (I think) is to solwe
the Poissonequationon a grid allowing for discortinuities in eld properties.
This is similar to what is descrited in the sectionon o w around solid bound-
aries. Denget al [21]] describe a method for solving 3D elliptical equations
with immersedinterfaces.

Theseare all boundary integral methods, similar to thoserequiredfor the
solution of ow over solid objects.

At high Froude number, the free surfacedoesnot deform at all, though,
owing to viscosity, it may support slip ow.

Early solutionsto this equationweredoneby matrix-in versiontechniques
[301], but Baker [100 297 and Tryggvason[291, 96] usediterative methods.
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| am uncertain of the method usedin Pullin [303.

The equationsfor vortex sheetstrength in 2D [303 96, 296 304, for
dipole strength in 2D [303, and vortex strength in 3D [197, 88, 89 involve
an accelerationterm that is not requiredin the Boussinesaapproximation for
weakly-strati ed uids. This accelerationterm makesthe problem fully dy-
namical, and requiresappraximation and discretization in the time domain.
This is most often donewith a rst-order badkward di erence. Note that the
ewlution equationfor dipole strength includesonly rst order derivativeson
the surface,which is why it is favored by Baker [297.

Zaroodny and Greerberg [305 seemlike the rst foray into modeling
a free surface (and the bottom boundary) as 2D vortex sheets. A direct
Biot-Savart integration method is usedto solwe, and the wave is not allowed
to break. Periodic, inviscid, irrotational, incompressible,and non-breaking
waves are simulated.

Later, Zalosh[21]] calculatedvortex sheetmotion in two dimensionswith
surfacetension and arbitrary strati cation. This useda direct summation
approad, but did not model the bottom boundary.

Longuet-Higginsand Cokelet [301, 30§ computedthe motion of breaking
waves, but forcedthe wave by using an asymmetric pressure eld.

Direct simulations were performedby Baker et al [10J on the Rayleigh-
Taylor instability using 2D vortex sheetswith arbitrary strati cation. The
method requiresiterative solution for the uid acceleration. This solution
is equatedto a boundary integral method using dipole sourcedistributions
[297). This is becausehe sheetstrength is related to the arclength derivative
of the dipole strength.

Baker [297] usesa 4th-order polynomial extrapolation technique that uses
data from four previoustime steps,but other authors [303 show that a 2nd
order R-K method is su cien t.

Pullin [303 solvedfor the motion of K-H and R-T instability with avortex
sheetwith and without surfacetension. The formulas are complex.

Tryggvasonand Aref introducedan iteration method to solve these o ws
in [29]] and later in [96].

Zuria [294 usesa unique method to solwe the vorticity ewlution equa-
tion. Upon recognition that the A = 0 caseinvolves shack-like behavior of
the vortex sheetstrength, a Gudonov-scheme is applied in the equations,
instead of a standard certered di erence operator. The stabilizing e ect al-
lows a sharpvortex strength jump to be maintained|a critical feature of the
inviscid free-surfaceRayleigh-Taylor instability. This method is 1st order in
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time and space.

Kerr [303 notesthat the error found running their own RTI at variable A
was causedexclusiwely by the certered di erence. They instead usea cubic
spline to calculatethe derivativeson the surface.

Brecht and Ferrante [209 use a 3D VIC particle method with strong
strati cation, but the equationsfor vorticity ewolution appear di erent than
thosereported above|they do not solwe a Fredholm equation of the second
kind. The rise of oneandtwo bubblesat 0:5 < A < 1:0is computedusingthis
method. Their later work [203 preseits equationsfor strong strati cation
that replacethe Boussinescapproximation term as follows:
dUi

dvV = jnjin(-5)n, g o G119
1

=

du

_ |
- gt rln) 9 4

The authors had to ewaluate of the areajnj and normal ; from a spatial
distribution of unremeshedoarticles|a procedurethat losesaccuracyasthe
particles separateand wind up around eat other.

Simulations of a 2D vortex ring impinging on a density interface appear
in Dahm, Sdeil and Tryggvason [30Q with both strong and weak density
jumps and in [307] for both density jumps and free surfaces(and tentativ ely
in 3D).

A two-dimensionalvortex method is usedby Chen and Vorus [30§ to
solve for the motion of a free surfacewith a submergedcircular cylinder.

Baroclinic generation of vorticity is donein a three-dimensionalvortex
sheetmethod by Knio and Ghoniem[86] with rectangulartransport elemens
containing descriptionsof the density jump. The simulations were performed
for small Richardsonnumbers.

.9 I

Ri = NiE (3.20)
In sudh cases,uid accelerationis much higher than gravitational accelera-
tion, and the baroclinic sourceterm doesnot cortain g, and as sud can be
written in terms of the uid accelerationonly. A rst-order badkward nite
di erence method is usedto determine the accelerationsin this work. The
work performssimulations ona ow with density ratio 2, and also mertions
that the method was createdfor ows with zeroFroude number.

u2

ri=Fra= o (3.21)

63



Rood [309 explains the procedure by which vortex lines reorganizeto
becomenormal to a free surface.

Dommerruth [31Q studies spurious high-frequencyerrors in numerical
simulations of free-surfaceo ws.

Changet al [119 useda level setmethod in 2D to computethe motion of
interfacestracking large density jumps. The solution method is pure Euler,
though.

Zhang and Ghoniem[31]] usea vortex method to compute large density
discortinuities in the axisymmetric case.

Scorpio[284 usedFMM to acceleratea BEM calculation for a free-surface
problem, but not a vortex method.

Lozanoet al [88] usesa desingularizedBiot-Savart integration to solwe for
strong strati cation acrossavortex sheet. It alsocomputesthe derivativeson
the sheetusinglocal coordinates,and alsoemploys a split forward integration
stheme.

Haroldsenand Meiron [58] usesa desingularizedBiot-Savart integration
to solwe the motion of a vortex sheetde ning a free surfacein a doubly-
periodic domainin 3D.

A 2D vortex sheetmethod is used by Reinaud et al [207 to simulate
a variable-densiy mixing layer. It is interesting becauseof the absenceof
gravity in the simulation|all baroclinic e ects are produced by the local
acceleration,which is calculated using rst and second-ordetbadkward dif-
ferenceshemes.

Kotelnikov and Zabusky [137 track particles with circulation in their
simulation of a 2D twice-acceleratedsine wave, but in an incompressible
sense.

Hou et al [317 study boundary integral methods in 2D for all sorts of
problems: strong strati cation, surfacetension, and Hele-Shav ow. An
Eulerian method is usedby Ye et al [214 for bubble dynamics.

Young [313 proposesa method to use LES and a level-set approad to
model the interaction of turbulence and a free surface. Simulations of the
free-surface2D Rayleigh-Taylor instability are presened.

Albuquerque and Cottet [223 presem a method that couplesa nite
di erence and integral formulas to create an iterative method for solving
free-surfaceproblemsin 2D. Songand Sirviente proposea FD method for 2D
breakingwaves[314. Leorstad, et al [315 comparevolume-of- uid (VOF) and
immersedboundary (IB) methods, both relying on Eulerian Navier-Stokes
solers, for multiuid ows. Esmaeeliand Tryggvason[316 demonstratea
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3D front-tracking method for multi- uid ow with phasechange. A-Rawahi

and Tryggvason[317 demonstratea 3D front-tracking method for dendritic

solidi cation. Wang and Khoo [106 usea BEM to determine the motion of

an multi- uid interface for simulations of bubblesunderwater. De Sousaet

al [319 usean Eulerian N-S solver with a front-tracking method to compute
multi- uid ows in 3D. Baker and Beale [22]] computesthe 2D motion of

an interfacein strongly-stratied ow with a vortex blob method. Shenand

Evans [319 presen an Eulerian velocity-vorticity method for free-surface
and density-stratied ow in 2.5D (an elliptic equationis only solved in the

horizontal directions).

3.6 Surface tension

The Weber number revealsthe importance of surfacetensionin a uid sys-
tem. The coe cient on the surfacetension term in the vorticity ewlution
equationis We 1.

Zaloshintroduced surfacetensionto the calculation of vortex sheetmo-
tion in two dimensionsin 1976[21]. Traditional approatesintroduce stabil-
ity constrairts that \stien" the systemof equations,especially where grid
points or Lagrangian points are irregularly-spaced.

An advantage of level-set methods [11] is that the curvature and nor-
mal can be calculated on the grid, allowing for smoother interpolation of
curvature than a C! cortinuous sheet(piecewise at triangulated mesh) al-
lows. This sameadvantage can be achieved in hybrid Eulerian- Lagrangian
sthemeswherethe elementwise scalargradiert is interpolated onto the grid.
(As we do.) After the indicator function hasbeencreated,one can compute
the surfacenormal from the gradiert of the indicator function. Likewise,the
curvature is the negative divergenceof the normalized surfacenormal eld.

Seweralworks [197, 88, 89, 304 presen the formulas of motion for periodic
vortex sheetsbetween uids of di erent densitieswith surfacetension. Hou,
Lowengrub and Shelley presen accurate calculations of a periodic vortex
sheetin two dimensionswith surfacetension,and with [295 and without [320
density jump. This also referencesearlier works where numerical problems
with surfacetensionwereidenti ed.

Lozanoet al [88] mertions that inclusion of surfacetensionhad no e ect
on the simulations, the reasonbeing that the Weber number was O(10°)
while other terms were O(1).
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Torresand Brackbill [104] intro ducethe point-set method for front-tracking
without connectivity. Simulations and formulas for droplet oscillation are in-
cluded. It is noted that in the 3D case,surfaceareais the least accurate
calculation, making this method inappropriate for vortex sheetcalculations
(where vorticity is directly related to elemen area). The work doesaddress
parasitic currernts that are formed by application of surfacetension forces
from an interface to a grid. An improvemern to the basic projection tech-
nique is preseted, but requiresthree Poissonsolutions.

Hou et al [312 study boundary integral methods in 2D for all sorts of
problems: strong strati cation, surfacetension,and Hele-Shav ow.

Young [313 alsotalks about the problem with applying surfacetension
forcesin a level-setmethod and proposesapplying them on the surfaceele-
merts themseles.

There exists an elemert-wise method for conserative 3D surface ten-
sion on triangle meshes[101, 105. It was also usedin the cortext of 2D
unstructured-grid nite elemen calculations[321].

Nitsche and Steen[304 presen a method for axisymmetric vortex sheets
with surfacetension.

Popinet and Zaleski [32 presen a front-tracking method for surface
tension, but in 2D, and in an Eulerian sense.

De Sousaet al [318 descrike a method for computing surface tension
from triangle meshdata basedon tting a plane and a sphereto the mesh.

Bredht and Ferrante [203 suggestthat a sidee ect of the VIC method is
that the grid lter introducesa kind of surfacetensioninto the motion of an
interface.

3.7 Particle-laden o ws

Vortex methods were rst usedto calculate particle dispersionin 1985 by
Crowe, et al (Particle Sci. Tedwnol 3, 149, 1985) and 1988 by Chung and
Troutt [323, (summary in Crowe, et al [324]). Thesemethods assumedno
collisionsand one-way coupling (the ow a ects the particles, but not the
reverse.)

Chen and Marshall [13] use FMM and random-walk method in 2D to
compute particle-laden ow with 2-way-coupling. In this method, the par-
ticles provide a correction to the vorticity transport equation. Though the
authors apply this on a particle-wisebasisin the FMM calculation, there is
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no reasonthat it cannot be applied on a grid in a VIC calculation. Walther
and Koumoutsakos [22§ useVIC and PSE in 3D to include large number of
solid particles into the ow with 2-way coupling.

Another method for this (and they may be related) is to use impulse
vector blobs in addition to vortex blobs [129.

Esmaeeliand Tryggvason[325 provide a method for DNS of deformable
particles and Hu [32§ cortains a summary of methods usedfor uid-particle
ows. Wallner and Meiburg [327 presen a method for two-way particle-
laden owsin 2D usinga! - approad.

Squiresand Eaton [328 discover via DNS that particles prefererially
concerrate in areasof low vorticity and high strain rate, thus possibly in-
validating studies of particle-laden o w using uncoupledmethods.

3.8 Rotating frame

If the frame of referenceis undergoinga rotation at a constart rate , then
the vorticity equation can be rewritten in the new frame with addition of
two terms. If the total velocity can be written as

u=v+ r (3.22)
then the vorticity equation cortains the new terms
f rotation — | {(Z I’? | 2({2 V; : (323)
centr if ugalf orce Coriolisf orce
% =ty (3.24)

wherev isthe uid velocity in the rotating frame, isthe rotational velocity,
and r is a vector from the axis of rotation to the point of evaluation. Note
alsothat

( rn= °R (3.25)
whereR is the componert of the position vector perpendicular to the axis
of rotation. SeePope [329, x2.9, for more information.

Kiya and Arie [33(0 study the Kelvin-Helmholtz instability of a vortex
sheetin uniform shear. There are few other vortex sheetcalculationsrelated
to rotating ows.

Baey et al [33]] perform an Eulerian calculation for potertial vorticity in
a planet's atmosphere.
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3.9 Transport Elements/Scalar Transp ort Equa-
tion

In this section, we presen work on vortex methods that incorporate either
co-located source elemerits for combustion/compressibility calculations, or
store other important information on the computational sheet,sud asscalar
gradierts, scalarmomerts, etc.

The decisionto follow this coursewas driven by the desireto solwe the
vorticity transport equation along with the scalar transport equation. In
many situations, the vorticity is co-located with the scalargradierts.

The choiceto co-locate scalargradiert elemeits with vortex elemetts is
trivial for casesnvolving two immiscible uids, but remainslogical for uids
systemswhere viscosity is equivalert to (whatever parameteris usedin the
scalar corvection-di usion equation in front of the di usion operator), or
whenSc 1.

Peters [333 claims that turbulent mixing is dominated by quasi-one-
dimensionaldi usion layers. This providesmotivation for the study of sheets
in turbulent mixing ows.

3.9.1 Front-T racking

Front-tracking in its purest sense(that of adding the computational degree
of freedom of the location of a sheetto an Euler solver) was used on the

Rayleigh-Taylor in 2D problem by Glimm et al [333 and extendedto 3D in

1995(Glimm others, report SUNYSB-AMS-95-17,1995,\Three dimensional
front tracking”) and 1998[102 103. Unverdi and Tryggvason use front-

tracking for a Navier-Stokes solution to rising viscousbubbleswith surface
tension[234. Apparertly, they acieve excellen massconseration with this

method.

Front-tracking methods cancomputenormalsand curvatureseither elemert-
by-elemen, or by reconstructing an indicator function and using grid calcu-
lations (as discussedbelow).

Front-tracking doesnot imply regularization. As proposedby numerous
authors, front-tracking is usedalongwith methods for interpolating functions
acrossdiscortinuities [103 in order to solve problemswith dynamic discorti-
nuities in an Eulerian method. So,the next time stepis computedusingthe
valueson the grid, with the equationsmodi ed somewhatby the presenceof
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the interface. Vortex methods, on the other hand, solve for the systemstate
at subsequen times using only the location and strength of the interface.
Thus, either a singular integration must be performed over the surface,or
regularization must occur.

Front-tracking in 3D sharestechniqueswith automatic 2D triangle mesh-
ing methods for nite-di erence or nite-element codes[321].

3.9.2 Scalar eld denition and reconstruction

As it is computationally more tractable in high-Reynoldsnumber ows to
discretize gradierts of scalar instead of quartities of scalar, a method to
track and recreatethe scalar eld must be employed. This is nearly the
sameproblem that vortex methods solwe, though a scalar eld would need
to have its gradiert be discretizedinstead. A sample of this procedureis
laid out in Ghoniemet al [81]. While Ghoniem et al [8]] relied on assign-
ing vector-valued (temperature) gradierts to particles (with no inter-elemert
connectivity) with a method called the \transp ort elemen method", later
e orts by Dahm and Tryggvason[260 261 neededonly assignscalar-walued
gradierts to segmen elemeits becauseconnectedsegmets automatically de-
ne a direction.

Recreatingthe scalar eld from a collection of Lagrangian gradiert ele-
merts can be done using any of the methods mertioned in the section on
velocity calculation (section 2). Thesecan involve direct integration of the
gradiert distribution [299 81], solution of a Laplaceequationon a grid [234],
or solving the scalar equivalert of the Biot-Savart equation [72]. This last
referencecortains a thorough description of the math involved.

Knio and Ghoniem [85] track the concetration of two scalarson their
Lagrangian surface: oxidizer and fuel concenrations.

3.9.3 Transport element metho d

Ghoniem et al [8]] introduce a \transp ort elemen method" to update the
scalar gradierts on Lagrangian elemerts, thus preverting the needfor nu-
merical integration of the scalargradiert transport equation. This method is
usedin derivative works [72, 86, 85] on rectangular elemens in 3D. Ghoniem
and Knio [334 usethe TEM to compute conbustion acrossa doubly-periodic
shearlayer. Zhang and Ghoniem [31]] applied this method in an axisym-
metric caseto study the rise of a buoyant cloud. A 2D vortex sheetmethod
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is usedby Reinaud et al [207] to simulate a variable-densiy mixing layer,
though it uses73 isopycnic linesto represen the layer (and recognizeghat
no remeshingcan be donenormal to the lines). Ghoniemet al [81] even adds
a core-spreadinghird fractional stepto accour for di usion of temperature
gradiert.

3.9.4 Local Integral Moment (LIM)

Describedin Tryggvasonand Dahm [26(J and Dahm [339, this method con-
sists of tracking and solving the quasi-1-dimensionaldi usion equation on
convecting surfacesin turbulent ows. ExamplesuseLIM to track mixing
and combustion [261]], and vorticity di usion [159.

And alsoby Han [33§ in referenceto the sameLIM technology

A 1-D represetation of LIM is descrikedin sectionlll of Beigie,Leonard,
and Wiggins [263.

Both LIM and the transport elemen method are basicextensionsof \ac-
tiveinterface"” problems,asde ned by Aref and Tryggvason[297. They eah
attach di erent parametersto the Lagrangianelemets, eat of which then
feedsbad into the dynamicsof the ow and the interface itself.

3.95 Level Set

The level set method descrikesa sthemefor de ning a front within a grid,
where the front has smooth surface properties. The level set is a scalar-
valued\indicator function" and delineatesvolumesof eat uid. The level
setis advected, not the explicit front, and correctedat ead step to sharpen
its interface. This is an example of a \front capturing” technique, which
is dierent from a \front tracking" technique in that the latter maintains
an explicit represemation of the interface. Level setsare amenableto grid
solvers, hencetheir popularity.

After the indicator function hasbeencreated,onecancomputethe surface
normal from the gradiert of the indicator function. Likewise,the curvature
is the negative divergenceof the normalized surfacenormal eld.

Only recerly [124 have level set methods beenusedto track material
guartities on propagatinginterfaces. This is the rst stepin their useastrue
transport elemerns.
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3.9.6 Combustion

Ghoniemand Knio [337 usea two-dimensionalortex-particle core-spreading
method with transport elemers to study shear o w-combustion interactions
with single-step,Arrhenius kinetics. The actual methods is described in [81].
Chang et al [26]] usedlocally 1D self-similar shape functions to simulate
mixing and combustion on a Kelvin- Helmholtz instability in 2D. Knio and
Ghoniem [85] compute the chemically-reactingshearlayer under the limita-
tion of in nite-rate kinetics and in nitely-small heat release.Combustion is
treated in two dimensionalvortex simulations by Soteriouand Ghoniem[33§,
who usethe transport elememn method and a volumetric expansionterm to
model exothermic conmbustion for nite and in nite-rate kinetics. Najm et
al [43] usea combined Lagrangian-Eulerianmethod for reacting ow with
compressibiliy e ects. Lakkis and Ghoniem[272 dewlop a particle method
for calculating radiative transport in a non-scattering medium|jan e ect
that is preser in many conbustion experimerts. Later, those sameauthors
presetted an axisymmetric grid-free combustion vortex method [339.

3.9.7 Fractal representation

In under-resoled simulations usingexplicit front-tracking methods, the sub lter-
scalecomplexity of the true interface must be accourted for.

Jimenezand Martel [34Q studiesthe fractal dimensionof a 2-D mixing
layer.

Chorin [78] usesa vortex lament simulation to estimate the Hausdor
dimensionof vorticity in deweloped turbulence.

3.10 Compressibilit y E ects

Many of the assumptionsusedin this report becomeinaccurate when de-
scribing ow in the compressibleregime (generally taken to be M 0:3).
The Lagrangiantechniquesthat we have employed, though, are no lessvalid.
In addition to requiring a full description of the vorticity eld, a compress-
ible vortex method also needsto descrite the dilatation eld. Dilatation
can be causedby processesn incompressible o ws sud as low-heat-release
combustion.

Mas-Gallicet al [341]] presen a 2D method that usesLagrangianparticles
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to solwe the convection equationsfor vorticity and density while using nite-
di erence sdhemesfor the remaining equations.

Glimm et al [102 103 hasusedfront-tracking techniquesalongwith tra-
ditional grid-basedsolersto track shacks and compute compressible o ws.
Theseare not vortex methods, though.

Najm et al [43] also use a conbined Lagrangian-Eulerian method for
reacting and compressibleo w. Gharakhaniand Ghoniem[3423 computethe
ow in a combustion chamber bound by a moving cylinder by applying a
uniform source eld over the volume, which is a precursorto full grid-free
compressiblesimulations. Axisymmetric grid-free combustion was adcieved
by Lakkis and Ghoniem [339.

3.10.1 Aero dynamic Sound

Very slightly compressibleo ws allow the splitting of the compressiblepart
of the equations from the Navier-Stokes part. Then, Lighthill's acoustic
pressureequation can be usedto producea di erential equationin time for
the pressure eld at a point in the irrotational far- eld. This is shown in
Pothou [74], who usesa vortex lament method to predict the acoustic eld

resulting from the impact of two vortex rings.

3.10.2 Co-lo cation with source particles

Looking at the Helmholtz decompsition, this seemseasonable.

This was mertioned in someGhoniem paper, | thought.

Eldredgeet al, in [343 344, presen a dilating particle vortex method,
wherely particles carry vorticity, dilatation, erthalpy, ertropy, and density.
Simulations in two dimensionsare presered.

Particles in Nitsche and Strickland [345 carry vorticity, divergence tem-
perature, and density.

Thirifay and Winckelmans[34§ useparticlesthat carry vorticity, temper-
ature, density, and speciesdensity in their simulation of a reacting di usion
ame in 2D.
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Chapter 4

Sample Simulations

Vortex methods have beenusedto study a great many canonical uid dy-
namicsproblems. In addition to referencedo those, we shall mertion many
studies of uid phenomenawhich have not had vortex methods applied to
them.

4.1 Free-boundary , homogenous 0 ws

The most basictest of a vortex method is the Perimantest [63], which de nes
atight vortex spot, andis acommontest of 2D vortex codes[41, 109. Similar
are simulations of elliptical vortex patches[347. In this category are also
simulations of more than one circular vortex patch [15 and many others.

A single shearlayer simulated in two dimensionswasthe rst and most
popular early test of vortex methods [16, 348 150 349 9§]. It is known that
the most unstablemode in this, the Kelvin-Helmholtz roll-up isat = 132
[35Q0 81]. Its stability has beenaddressed15]], and desingularization has
beenproposed[26]. Shearlayerswith a Gaussiandistribution acrossthe layer
are a favorite of Ghoniem [81] and others. A two-dimensionalshearlayer is
analyzedwith a three-dimensionalmethod in [89, 244. Vortex methods are
comparedto Eulerian methodsin [159. The Kelvin-Helmholtz roll-up is also
a popular test problem for Eulerian methods [141].

Its analoguein three dimensionsis the doubly-periodic shearlayer, which
haslikewisebeenusedto study ow [159 118 89, 244, entrainment [72, 86),
and combustion [334. Experimertal results are preseiied for the formation
of streamwisevortices[35]] and the growth of large scalesn the plane mixing
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layer [352, and computational results are presetied for secondaryinstability
[353, transition to turbulence [354 and sparwise scaleselection[355.

Putting two shear layers of opposite-signedvorticity together makes a
more accuraterepresetation of a plane mixing layer [18, 66, also2-D. The
simulation of two sheetsof opposite-signedvorticity generatesthe families
of Karman vortex streets. Tracking this instability from an initially at
splitter plate createsa space-degloping mixing layer [35¢ (2-D, alsostudied
turbulent uctuations in the mixing layer) and [253 (2D VIC, alsoincludes
turbulence statistics in the mixing layer).

Another related simulation hastwo sinusoidally-perturbed shearlayers of
similar-signedvorticity spacedewenly in a doubly-periodic area (2D). This
problem hasbeentackled by Eulerian! - sdemes[14], 357. Testcasedor
three dimensionalvortex methods are listed in [69], X3, and include Stuart's
family of periodic shearlayers[35§.

A shearlayer emanatingfrom a semi-in nite at plate rolls up [359, 201,
161 accordingto a similarity solution.

Vortex rings are commonlystudied, and appearin both thick [71, 48 17§
and thin [39 varieties, perturbed [71], head-onand head-o pair collision
[170 39, leapfrogging[8, 178, creation from a disc of vorticity [360, 82,
obliqgue merging pairs [361, 44, 112 82], sets of four [69], in axisymmetric
ow with di usion and conbustion [339, only di usion [256 11Q, and with
neither [364. A good analysisof viscousvortex rings appearsin Sa man [3],
which mertioned Hill's spherical vortex and referencesFraenkel's work on
steady thin-cored vortex rings [363 and Norbury's steady thick-coredrings
[364. Tung and Ting [23] and Sa man [24] found that the distribution of
vorticity acrossthe core of a viscousvortex ring with small cross-sections
Gaussian.The decg of a viscousvortex pair is studiedin 2D usinga heuristic
method [365 and in an axisymmetric vortex method [11(. There are many
examplesof experimertal work on vortex rings [366. Dabiri and Gharib
[367] demonstratethe near-term scalingof viscousvortex rings including the
e ects of uid entrainment. A complete summary appearsin Shari [369.
Finally, Maxworthy [369 shaved that a vortex ring becomedurbulent when
the Reynoldsnumber ( =) is greaterthan about 600.

Similarly to the ow over a sphere,onecanrun a simulation of a spherical
vortex sheetwith an initial vorticity distribution equivalert to that required
for potertial ow past a co-located sphere[370Q, 44, 371, 89, 154 15§ or
cylinder [27, 370, 87, 154 in a unit freestream. Thesesimulations resultin a
traveling vortex pair or ring.
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A simpleextensionof avortex ring is the circular starting jet (the spatially-
growing jet) [372 373, andthe periodic jet (the temporally-growing jet), with
swirl [70] or without [374 67, 87]. A periodically-forced jet has beenshovn
to ertrain nearly twice asmuch quiesceh uid (Bremhorst, JFluidsEng 103,
605,1981). A jet excited axially and azimuthally, can produce a bifurcating
round jet [379. Experimerts and analysisappearin [376 377. Coaxial jets
are experimertally studiedin [378. Computational and experimertal results
for both buoyant and non-buoyant jets in weak cross ow are presened in
Yuan and Street [379 and computational results and scaling relationships
by your buddy Javier (no citation yet). Squarejets are simulated with N-S
solvers[380.

A turbulent spot is simulated by Leonard [381]].

Vortex breakdavn is wherea vortex tube with axial vorticity hasa kink
in it [69). A vortex tube with swirl ow is a simple 3D vortex sheet ow [8(].

The motion of a surfacewith a xed initial vortex strength is studied in
2D [201, 382 383 for the roll-up of an aircraft wake. Related to that is the
roll-up of a vortex discin 3D with azimuthal perturbations, doneby Lindsay
and Krasny [82]

A columnar vortex reactsto a vortex loop [384].

A nal commonvortex method test is that of a doubly-periodic domain
in two dimensions lled with vorticity which exhibits a k ! deca in Fourier
spaceand random phase[281].

| don't know what a Taylor-Green problem is, but an early 3D vortex
method [38F simulates it.

4.2 Multiuid O WS

A density interfacethat undergcespassagef a shack represets a Richtmyer-
Meshlov instability, and can be simulated using front-tracking methods in
2D for planar [102 103 or curved [38§ geometries.Growth rates are given
for 2D in [387. Shocked density interface experimerts [389 are also com-
putationally tractable. None of these calculations ewlve strengths on the
interface, and are thus computationally di erent from vortex methods. Ex-
cept for Kotelnikov and Zabusky [137], who track particles with circulation
correspnding to a 2D twice-acceleratedsine wave, but in an incompressible
sense.

The two-dimensionalKelvin-Helmholtz instability has been studied ex-
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tensively with vortex methods, both for ow [26, 89, 244, mixing [26]],
variable-densiy [207], free-surfaceo w [297], surfacetension[295 320 317,
and combustion [337, 261], and with level set methods [118 127.

A turbulent ring is shot into a stratied interface in the experimerts
doneby Linden [389, and the samefor a jet by Shy and Breiderthal [390.
A laminar vortex ring is shot into density interfacesand free surfacesin 2D
in [391, 392 393 30Q 307 and in 3D in [307, 244.

Physical studies and rates of spreadfor mixing layers of various density
ratios can be found in Brown and Roshlo [394. Lozanoet al [88] simulates
dewelopmen of a liquid sheetup to breakup using 3D vortex sheetmethods.
A particle-laden mixing layer is simulated in 2D [327. Growth rates are
studied in 2D and 3D woth vortex methods in [244.

This samelayer without initial vorticity but with an unstable density
interfaceis called a Rayleigh-Taylor instability. It wascomputedwith vortex
methods in 2D [10Q 303 96, 296 221] and 3D (not yet), and by Euler-front-
tracking methods in 2D [333 395 and 3D for immiscible [39§ and miscible
[397] uids. A good introduction to the problemis givenin Tryggvason[96].
The initial growth of this layer follows linear theory, recourted in [39§, and
the growth rates in a rotating environmert are given in [399.. That same
sinusoidally-perturbed layer with a stable density interface oscillateswith a
period predicted by classicaltheory for in nitesimal perturbations [21].

The e ects of buoyancy are alsoaddressedn the simulation of a buoyant
cylinder [56, 299 157 or sphere[202 203 283 89, 244. Theseconditions
produce vortex pairs and rings, and scaling relations exist for the starting
buoyant plume [40Q 401 and thermal [402 400, and for the axisymmetric
regular [364 and buoyant vortex rings [362 400 283. Numerical studies
have beenperformedof the motion of a buoyant vortex pair (2D) in a stably
stratied atmosphere[39]. In one of these ([283), the authors study mi-
crobursts, wherely an inversethermal impacts the ground. The rise of plane
bubblesis studiedin Birkho and Carter in J Math. Med. 6, 769-779,1957.
Experimerts are commonin earlier work: turbulent thermals [402. Eulerian
methods are frequerily usedfor bubble dynamics[403 214.

Free surfacecalculations are like multi uid calculations but with an At-
wood number of 1 (density ratio is in nite). Breakingwavesare simulated in
2D [297, 301, 14]. Gravity currents are just breakingwavesin the Boussinesq
limit. SeeBenjamin [404 for discussion,and [56] for simulations. Theseare
alsocalled\w eatherfronts." Haroldsenand Meiron [58] simulate the simple
(2D) Stokeswave in their 3D free-surfacepoint vortex method, and go on
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to simulate a 3D wave whoseinitial shape is a Gaussian. A buoyant sphere
and torus with a masslesscore (free-surfaceequivalert) are simulated by
Lundgren and Mansour [409.

The Taylor instability of a thin uid layer is numerically simulated in
Verdon et al [404.

An interesting instability is the Batchelor-Nitsche [407] instability, which
consistsof a periodically stratied expanseof uid. It was later studied by
Proctor [408.

The most commontest of surfacetension e ects is the radial oscillation
of a bubble in the free-surface(Rayleigh-Plessetequation) [409 or non-free-
surfaceregimes.

4.3 Flows with solid boundaries

Internal o ws are of the morecommon uids solutionsinvolving solid bound-
aries. The mostcommonof theseis that of adriven-carity. To my knowledge,
this hasnot beenattempted with vortex methods, though many Eulerian cal-
culations exist in two [138 141] and three [13§ dimensions.

There are any number of standard simulations for o w over a solid object.
2D Flow over a cylinder [218 228 177, 192 239 53, 188 49 and 3D ow
over a sphere[410 113 37] are commonsimulations. Vortex ring impaction
on a solid surfaceappearsfrequertly in two [41]] and three [192 417 di-
mensions,as doesvortex ring impaction on a cylinder (3D) [49] and vortex
ring impaction on a blade [38]. Experimertal results for the above situation
appearin [413.

Dynamic boundariesare most commonlydoneby simulating the o w over
an oscillating cylinder or wing section[200 50. The dynamic ow around
a rotating and pitching marine propeller is solved using BEM and vortex
methods by Politis [83]. There are very few simulations of dynamic 3D
boundaries,but if they were done, things like a spinning sphere,or apping
plate, or swimming sh or ying bird or insectwould be excellen.

Flexible boundary ows are lesscommonin the literature, despite their
ubiquity in nature. Studying the ow over heart valves seemsto be a good
funding idea[208 233. Flow around swimming sh and birds is likely next.

Actual physical experimerts are necessaryfor some ows. Oddie et al
[414 tests oil-water and oil-water-gas mixtures in horizortal and inclined
pipes. Issa[413 shavs how a 1-D model canreasonablypredict the statistics
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of slug ow in 2- uid pipes.

Numerically similar to the equationsusedfor baroclinic generationof vor-
ticity and the vortex sheet'ssubsequenhmotion are the equationsfor ow of
a highly-viscous uid through a porousmedium. The Rayleigh-Taylor insta-
bility in vortex ows becomeghe Taylor-Sa man instability. The resulting
ow is similar to a space- lling di usion-limited aggregation ow. This is
simulated in [56, 295 317. The general ow is called Hele-Shav ow and is
demonstratednumerically in [56, 291, 292 294 317.

4.4 Compressible o0 ws

Two-dimensional shemesfor ows with heat releaseand its accompary-
ing velocity divergencehave beenproposedin either the fully-Lagrangian or
Lagrangian-Euleriansenseg43].

4.5 Closing remarks
As shavn above, there are many variations on the classicalvortex method

initially proposedby Rosenhead.We hope that we can add to that body of
knowledge.
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